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■♥tr♦❞✉çã♦
◆♦s ❞✐❛s ❛t✉❛✐s✱ ❞❡♥tr❡ ❛s ✈ár✐❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡①✐st❡♥t❡s✱ ❛ ❞✐s✲
tr✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ✈❡♠ ❝❤❛♠❛♥❞♦ ❛ ❛t❡♥çã♦ ♥♦ r❛♠♦ ❞❛ ❡st❛tíst✐❝❛✱ t❛♥t♦
❡♠ ❛s♣❡❝t♦s t❡ór✐❝♦s q✉❛♥t♦ ❡♠ ❛s♣❡❝t♦s ♣rát✐❝♦s✱ ♣♦✐s tr❛t❛✲s❡ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦
❞❡ t❡♠♣♦s ❞❡ ✈✐❞❛ q✉❡ r❡❧❛❝✐♦♥❛ ♦ t❡♠♣♦ ❛té ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ❢❛❧❤❛ ❝♦♠ ❛❧❣✉♠ ❞❛♥♦
❝✉♠✉❧❛t✐✈♦ ♦ q✉❛❧ é ❛ss✉♠✐❞♦ s❡r ❣❛✉ss✐❛♥♦✳ ◆❡ss❛ ✈❡rt❡♥t❡✱ ❡ss❛ ❞✐str✐❜✉✐çã♦ t❡♠ s✐❞♦
❛♠♣❧❛♠❡♥t❡ ❛♣❧✐❝❛❞❛ ❡♠ ❡st✉❞♦s ❞❡ ❛♥á❧✐s❡ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛✳
◆❛ ❊st❛tíst✐❝❛✱ é ❞❡ ❣r❛♥❞❡ ✐♥t❡r❡ss❡ s❛❜❡r s❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛✲
❞♦s ❛♠♦str❛✐s ♣r♦✈é♠ ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦✳ ◆❡ss❡ s❡♥t✐❞♦✱ ✈ár✐♦s
t❡st❡s ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ tê♠ s✐❞♦ ♣r♦♣♦st♦s ♣❛r❛ ❞✐❢❡r❡♥t❡s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛✲
❜✐❧✐❞❛❞❡✳ P❡❧♦ ❢❛t♦ ❞♦s t❡st❡s ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ♠❡❞✐r❡♠ ❛ ❞✐s❝r❡♣â♥❝✐❛ ❞♦s ❞❛❞♦s
❡♠ r❡❧❛çã♦ ❛♦ ♠♦❞❡❧♦ t❡ór✐❝♦✱ ❡❧❡s ♣♦❞❡♠ s❡r ❢❡✐t♦s ❞❡ ✈ár✐❛s ❢♦r♠❛s✱ ❝♦♠♦✱ ♣♦r ❡①❡♠✲
♣❧♦✱ ❜❛s❡❛❞♦ ♥❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛✱ ♥❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❡♠♣ír✐❝❛✱ ♥❛
❡st❛tíst✐❝❛ q✉✐✲q✉❛❞r❛❞♦ ♦✉ ❛✐♥❞❛ ❡♠ ❝♦rr❡❧❛çã♦ ❡ r❡❣r❡ssã♦✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s s✉✲
♣♦r q✉❡ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦ s♦❜ ❛ ❤✐♣ót❡s❡ ♥✉❧❛ é ❝♦♥❤❡❝✐❞♦ ♦✉ ❞❡s❝♦♥❤❡❝✐❞♦✳ ▼❛✐s
❞❡t❛❧❤❡s s♦❜r❡ t❡st❡s ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ✭❉✬❆❣♦st✐♥♦ ✫
❙t❡♣❤❡♥s✱ ✶✾✽✻✮✳
❉❡♥tr❡ ❛s ❡st❛tíst✐❝❛s ❞❡ t❡st❡ ❝❧áss✐❝❛s✱ ♣♦❞❡♠♦s ❝✐t❛r ❛ ❡st❛tíst✐❝❛ ❞❡ ❈r❛♠ér✲✈♦♥
▼✐s❡s ❡ ❛ ❡st❛tíst✐❝❛ ❞❡ ❆♥❞❡rs♦♥✲❉❛r❧✐♥❣✳ ❊ss❛s ❡st❛tíst✐❝❛s s❡ ❜❛s❡✐❛♠ ♥❛ ❞✐stâ♥❝✐❛
❡♥tr❡ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❡ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ t❡ór✐❝❛✳ ◆❛ ❧✐t❡✲
r❛t✉r❛✱ ❞❡♥tr❡ ♦s ✈ár✐♦s ❡st✉❞♦s q✉❡ ❛❜♦r❞❛♠ ❡ss❡s t❡st❡s✱ ♣♦❞❡♠♦s ❝✐t❛r ✭❈❤❡♥ ✫
❇❛❧❛❦r✐s❤♥❛♥✱ ✶✾✾✺✮✱ ✭❙t❡♣❤❡♥s✱ ✶✾✼✵✮ ❡ ✭❈❤♦✉❧❛❦✐❛♥ ✫ ❙t❡♣❤❡♥s✱ ✷✵✵✶✮✳
❊♠ ❛♥á❧✐s❡ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛✱ ❢r❡q✉❡♥t❡♠❡♥t❡ tr❛❜❛❧❤❛✲s❡ ❝♦♠ ❞❛❞♦s ❝❡♥s✉r❛❞♦s✳
❙♦❜ ❡ss❛ ♣❡rs♣❡❝t✐✈❛✱ t❡st❡s ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ✈ê♠ s❡♥❞♦ ♣r♦♣♦st♦s ❡ ❛❧❣✉♥s ❛té
✼♠♦❞✐✜❝❛❞♦s ❞❡ ♠♦❞♦ ❛ ✐♥❝♦r♣♦r❛r ❛ ♣r❡s❡♥ç❛ ❞❡ ❝❡♥s✉r❛ ♥♦ ♣r♦❝❡ss♦ ❞❡ ✈❛❧✐❞❛çã♦✳
❉❡♥tr❡ ♦s tr❛❜❛❧❤♦s ♣r♦❞✉③✐❞♦s ♥❡ss❛ ár❡❛✱ ♣♦❞❡♠♦s ❝✐t❛r ✭P❡tt✐tt ✫ ❙t❡♣❤❡♥s✱ ✶✾✼✻✮✱
✭P❡tt✐tt✱ ✶✾✼✻✮ ❡ ✭❈❛str♦✲❑✉r✐ss✱ ✷✵✶✶✮✳ ❆ ❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛ ❞♦ t✐♣♦ ■■ ❛♣❛r❡❝❡ ❝♦♠♦
✉♠❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❡st✉❞♦s ❞❡ t❡♠♣♦s ❞❡ ✈✐❞❛✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ q✉❡ s❡ r❡❢❡r❡ ❛
t❡st❡s ❞❡ ✈✐❞❛ út✐❧ ❞❡ ❡q✉✐♣❛♠❡♥t♦s✱ ❞❡ ♠♦❞♦ ❛ ❡❝♦♥♦♠✐③❛r t❡♠♣♦ ❡ r❡❝✉rs♦s ✜♥❛♥❝❡✐r♦s✳
❆ss✐♠✱ t❡st❡s ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ q✉❡ ✐♥❝♦r♣♦r❛♠ ❡ss❡ t✐♣♦ ❞❡ ❝❡♥s✉r❛ sã♦ ❜❛st❛♥t❡
út❡✐s ❡ ✈ê♠ s❡♥❞♦ ❡st✉❞❛❞♦s ♣♦r ✈ár✐♦s ❛✉t♦r❡s✱ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦s ❡st✉❞♦s ❢❡✐t♦s
❡♠ ✭❈❛str♦✲❑✉r✐ss✱ ❑❡❧♠❛♥s❦②✱ ▲❡✐✈❛✱ ✫ ▼❛rtí♥❡③✱ ✷✵✶✵✮✱ ✭❇❛❧❛❦r✐s❤♥❛♥ ✫ ❙❛♥❞❤✉✱
✶✾✾✺✮✱ ✭❇❛❧❛❦r✐s❤♥❛♥✱ ❘❛❞✱ ✫ ❆r❣❤❛♠✐✱ ✷✵✵✼✮ ❡ ✭❇r✐t♦✱ ✷✵✶✹✮✳
❆ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❝♦♥s✐st❡ ❡♠ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ✐♥❢♦r♠❛çã♦✱ ❛ q✉❛❧
♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ♣❛r❛ ♠❡❞✐r ❛ ❞✐s❝r❡♣â♥❝✐❛ ❡♥tr❡ ❛s ❢✉♥çõ❡s ❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛s
❡ t❡ór✐❝❛s✳ ❚❛❧ ♠❡❞✐❞❛ ❞❡ ✐♥❢♦r♠❛çã♦ ✈❡♠ ❛♣r❡s❡♥t❛♥❞♦ ❜♦♥s r❡s✉❧t❛❞♦s ♥♦ q✉❡ s❡
r❡❢❡r❡ ❛ t❡st❡s ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡✱ s❡♥❞♦ ❡♠ ♠✉✐t♦s ❝❛s♦s ✉♠❛ ❛❧t❡r♥❛t✐✈❛ ♠❡❧❤♦r
❞♦ q✉❡ ♦s t❡st❡s ❝❧áss✐❝♦s✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ♥♦s tr❛❜❛❧❤♦s ❞❡ ✭❘❛❞✱ ❨♦✉s❡❢③❛❞❡❤✱ ✫
❇❛❧❛❦r✐s❤♥❛♥✱ ✷✵✶✶✮✱ ✭P❛r❦✱ ✷✵✵✺✮ ❡ ✭❇❛❧❛❦r✐s❤♥❛♥ ✫ ❙❛♥❞❤✉✱ ✶✾✾✻✮✳
◆❡st❡ tr❛❜❛❧❤♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ ❝♦♥s✐st❡ ❡♠ ♣r♦♣♦r t❡st❡s ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡
❜❛s❡❛❞♦s ♥❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♥✲❙❛✉♥❞❡rs✱ ❞❡
♠♦❞♦ ❛ ❝♦♥s✐❞❡r❛r ❞❛❞♦s ♥ã♦ ❝❡♥s✉r❛❞♦s ❡ ❞❛❞♦s ❝♦♠ ❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛ ❞♦ t✐♣♦ ■■✳
❆ ✐❞❡✐❛ é ♣r♦♣♦r t❛✐s t❡st❡s ❝♦♠ ❛ ♣r✐♠í❝✐❛ ❞❡ ♦❜t❡r ❣❛♥❤♦s ❝♦♥s✐❞❡rá✈❡✐s ♥♦s ♣♦❞❡r❡s
❡♠ r❡❧❛çã♦ ❛♦s t❡st❡s ❝❧áss✐❝♦s✳ ❙❡♥❞♦ ❛ss✐♠✱ ✈❛♠♦s ♠♦str❛r q✉❡ ♦s t❡st❡s ❜❛s❡❛❞♦s
♥❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r sã♦ ♠❡❧❤♦r❡s q✉❡ ♦s t❡st❡s ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡
❝♦♥✈❡♥❝✐♦♥❛✐s✱ ♥❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s✳ ❆❧é♠ ❞✐ss♦✱ ♣r♦♣♦♠♦s ✉♠❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ q✉❡
❝♦♥s❡❣✉❡ ✐♥❝♦r♣♦r❛r ❛ ❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛ ❞♦ t✐♣♦ ■■ ♣❛r❛ t❡st❛r ♦ ❛❥✉st❡ à ❞✐str✐❜✉✐çã♦
❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ❜❛s❡❛♥❞♦✲s❡ ❡♠ ✭❘❛❞ ❡t ❛❧✳✱ ✷✵✶✶✮✱ ❥á q✉❡ t❛❧ t✐♣♦ ❞❡ ❝❡♥s✉r❛ ✈❡♠
❣❛♥❤❛♥❞♦ ❞❡st❛q✉❡ ♥♦ â♠❜✐t♦ ❛❝❛❞ê♠✐❝♦✲❝✐❡♥tí✜❝♦✳
◆♦ ❈❛♣ít✉❧♦ ✶ ❞❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ❢❡✐t❛ ❛ ❛❜♦r❞❛❣❡♠ ❞♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦ r❡✲
❢❡r❡♥t❡s à ❛♥á❧✐s❡ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛✳ ◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✱ ❛❜♦r❞❛♠♦s ❛ ❞✐str✐❜✉✐çã♦
❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳ ◆♦ ❈❛♣ít✉❧♦ ✸✱ ❢♦✐ ♣r♦♣♦st♦ ✉♠ t❡st❡ ❞❡ ❜♦♥✲
❞❛❞❡ ❞❡ ❛❥✉st❡ ❜❛s❡❛❞♦ ♥❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ♣❛r❛ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲
❙❛✉♥❞❡rs✱ ❝♦♥s✐❞❡r❛♥❞♦ ❞❛❞♦s ♥ã♦ ❝❡♥s✉r❛❞♦s✳ ◆♦ q✉❛rt♦ ❝❛♣ít✉❧♦✱ t❛♠❜é♠ ❢♦✐ ♣r♦✲
♣♦st♦ ✉♠ t❡st❡ ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡✱ ❡♥tr❡t❛♥t♦ ❝♦♥s✐❞❡r♦✉✲s❡ ❞❛❞♦s ♣r♦❣r❡ss✐✈❛♠❡♥t❡
❝❡♥s✉r❛❞♦s ❞♦ t✐♣♦ ■■✳ P♦r ✜♠✱ r❡❧❛t❛♠♦s ❛s ❝♦♥❝❧✉sõ❡s ♦❜t✐❞❛s ❝♦♠ ♦s ❡st✉❞♦s ❢❡✐t♦s✱
✽♥♦ ❈❛♣ít✉❧♦ ✺✳
❈❛♣ít✉❧♦ ✶
Pr❡❧✐♠✐♥❛r❡s
◆❡st❡ ❝❛♣ít✉❧♦✱ ✐r❡♠♦s ❛❜♦r❞❛r ♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s r❡❢❡r❡♥t❡s à ❆♥á❧✐s❡ ❞❡
❙♦❜r❡✈✐✈ê♥❝✐❛✱ ❝♦♥❝❡✐t♦s ❡ss❡s ♦s q✉❛✐s s❡rã♦ ❞❡ s✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ♦s ❡st✉❞♦s q✉❡
s❡rã♦ r❡❛❧✐③❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳ ❆❧é♠ ❞✐ss♦✱ ❢❛r❡♠♦s ✉♠❛ ❜r❡✈❡ ❡①♣❧❛♥❛çã♦ s♦❜r❡ t❡st❡s
❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ❡ ❛♣r❡s❡♥t❛r❡♠♦s ♦s t❡st❡s ❝❧áss✐❝♦s ❞❡ ♥♦r♠❛❧✐❞❛❞❡✿ ❈r❛♠ér✲✈♦♥
▼✐s❡s ❡ ❆♥❞❡rs♦♥✲❉❛r❧✐♥❣✳
✶✳✶ ❆♥á❧✐s❡ ❞❡ ❙♦❜r❡✈✐✈ê♥❝✐❛
❆ ❆♥á❧✐s❡ ❞❡ ❙♦❜r❡✈✐✈ê♥❝✐❛ ❝♦♥s✐st❡ ♥♦ ❡st✉❞♦ ❞❡ ❞❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❛♦ t❡♠♣♦
❛té ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ❡✈❡♥t♦ ❞❡ ✐♥t❡r❡ss❡✳ ❚❛❧ ❡✈❡♥t♦ é ❞❡♥♦♠✐♥❛❞♦
❢❛❧❤❛✱ ❡ ♦ t❡♠♣♦ tr❛♥s❝♦rr✐❞♦ ❞❡s❞❡ ♦ ✐♥í❝✐♦ ❞❛ ♦❜s❡r✈❛çã♦ ❛té ❛ ♦❝♦rrê♥❝✐❛ ❞❛ ❢❛❧❤❛
é ❞✐t♦ s❡r ♦ t❡♠♣♦ ❞❡ ❢❛❧❤❛✳ ❈♦♠♦ ❡①❡♠♣❧♦s ❞❡ ❡✈❡♥t♦s ❞❡ ✐♥t❡r❡ss❡ ❡♠ ❆♥á❧✐s❡ ❞❡
❙♦❜r❡✈✐✈ê♥❝✐❛✱ ♣♦❞❡♠♦s ❝✐t❛r✿ ♦ t❡♠♣♦ ❛té ♦ ó❜✐t♦ ❞❡ ✉♠ ❝❡rt♦ ♣❛❝✐❡♥t❡✱ ♦ t❡♠♣♦ ❛té
❛ r❡❝✐❞✐✈❛ ❞❡ ✉♠❛ ❞♦❡♥ç❛ ❡ ♦ t❡♠♣♦ ❛té ❛ ❢❛❧❤❛ ❞❡ ✉♠ ❝❡rt♦ ❡q✉✐♣❛♠❡♥t♦✳ ❊♥❣❡♥❤❡✐r♦s
❞❡♥♦♠✐♥❛♠ ❡st❛ ár❡❛ ❞❡ ❆♥á❧✐s❡ ❞❡ ❈♦♥✜❛❜✐❧✐❞❛❞❡✳
◆❛ ❆♥á❧✐s❡ ❞❡ ❙♦❜r❡✈✐✈ê♥❝✐❛✱ ❛ss✉♠❡✲s❡ q✉❡ ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ t❡♠♣♦ ❞❡ ❢❛❧❤❛
é ♥ã♦✲♥❡❣❛t✐✈❛ ❡ ♠❡❞✐❞❛ ❡♠ ✉♠❛ ❡s❝❛❧❛ ❝♦♥tí♥✉❛✳
❖s ❡st✉❞♦s q✉❡ ❡♥✈♦❧✈❡♠ ❛ ❆♥á❧✐s❡ ❞❡ ❙♦❜r❡✈✐✈ê♥❝✐❛ s❡ ❢❛③❡♠ ♣❡❝✉❧✐❛r ❞❡✈✐❞♦ ❛
❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡❝✐❛✐s✱ ❛s q✉❛✐s sã♦ ✐♥❡r❡♥t❡s ❛♦ t✐♣♦ ❞❡ ❞❛❞♦s q✉❡ sã♦ ❡♥❝♦♥tr❛❞♦s
❡♠ s✐t✉❛çõ❡s ♣rát✐❝❛s✳ ❆ s❡❣✉✐r✱ ✈❡r❡♠♦s t❛✐s ❝❛r❛❝t❡ríst✐❝❛s✳
✶✵
✶✳✶✳✶ ❈❡♥s✉r❛
❖ ♣r✐♥❝✐♣❛❧ ✐♥t❡r❡ss❡ ❡♠ ❡st✉❞♦s ❞❡ ❛♥á❧✐s❡ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ é ♦❜s❡r✈❛r ♦s t❡♠♣♦s
❞❡ ❢❛❧❤❛ ❞❛s ✉♥✐❞❛❞❡s ♦❜s❡r✈❛❝✐♦♥❛✐s ❡♠ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❡✱ ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ♦❜t✐❞♦s✱
r❡❛❧✐③❛r ❛ ✐♥❢❡rê♥❝✐❛ ❡st❛tíst✐❝❛✳ ❊♥tr❡t❛♥t♦✱ ❡ss❡s ❡①♣❡r✐♠❡♥t♦s ♣♦❞❡♠ s❡r ❞❡ ❧♦♥❣❛
❞✉r❛çã♦✱ ❞❡ ♠♦❞♦ q✉❡ ♠✉✐t❛s ✈❡③❡s ♦ ❡st✉❞♦ t❡r♠✐♥❛ ❛♥t❡s q✉❡ t♦❞❛s ❛s ✉♥✐❞❛❞❡s ✈❡✲
♥❤❛♠ ❛ ❢❛❧❤❛r✳ ❆ss✐♠✱ ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡❝♦rr❡♥t❡ ❞❡ss❡s ❡st✉❞♦s é ❛ ♣r❡s❡♥ç❛ ❞❡
♦❜s❡r✈❛çõ❡s ✐♥❝♦♠♣❧❡t❛s ♦✉ ♣❛r❝✐❛✐s✳ ❚❛✐s ♦❜s❡r✈❛çõ❡s✱ ❞❡♥♦♠✐♥❛❞❛s ❝❡♥s✉r❛s✱ ♣♦❞❡♠
♦❝♦rr❡r ♣♦r ✈ár✐❛s r❛③õ❡s✱ ❞❡♥tr❡ ❡❧❛s✱ ❛ ♣❡r❞❛ ❞❡ ❛❝♦♠♣❛♥❤❛♠❡♥t♦ ❞❛ ✉♥✐❞❛❞❡ ♦❜s❡r✲
✈❛❝✐♦♥❛❧ ♥♦ ❞❡❝♦rr❡r ❞♦ ❡st✉❞♦ ❡ ❛ ♥ã♦ ♦❝♦rrê♥❝✐❛ ❞♦ ❡✈❡♥t♦ ❞❡ ✐♥t❡r❡ss❡ ❛té ♦ tér♠✐♥♦
❞♦ ❡①♣❡r✐♠❡♥t♦✳
❇❛s✐❝❛♠❡♥t❡✱ ❡①✐st❡♠ três t✐♣♦s ❞❡ ❝❡♥s✉r❛✿ ❛ ❝❡♥s✉r❛ ❞♦ t✐♣♦ ■✱ ❛ ❝❡♥s✉r❛ ❞♦ t✐♣♦
■■ ❡ ❛ ❝❡♥s✉r❛ ❛❧❡❛tór✐❛✳ ❆ ❝❡♥s✉r❛ ❞♦ t✐♣♦ ■ ♦❝♦rr❡ ❡♠ ❡st✉❞♦s q✉❡ ❛♦ s❡r❡♠ ✜♥❛❧✐③❛❞♦s
❛♣ós ✉♠ ❝❡rt♦ ♣❡rí♦❞♦ ❞❡ t❡♠♣♦ r❡❣✐str❛♠✱ ❡♠ s❡✉ tér♠✐♥♦✱ ❛❧❣✉♥s ✐♥❞✐✈í❞✉♦s q✉❡ ❛✐♥❞❛
♥ã♦ ❛♣r❡s❡♥t❛r❛♠ ♦ ❡✈❡♥t♦ ❞❡ ✐♥t❡r❡ss❡✳ ❆ ❝❡♥s✉r❛ ❞♦ t✐♣♦ ■■ ❛❝♦♥t❡❝❡ ❡♠ ❡st✉❞♦s ♦s
q✉❛✐s sã♦ ✜♥❛❧✐③❛❞♦s ❛♣ós ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ ♣ré✲❡st❛❜❡❧❡❝✐❞♦ ❞❡ ❡✈❡♥t♦s ❞❡
✐♥t❡r❡ss❡✳ P♦r ✜♠✱ ❛ ❝❡♥s✉r❛ ❛❧❡❛tór✐❛ ✭t✐♣♦ ❞❡ ❝❡♥s✉r❛ q✉❡ ♠❛✐s ❛❝♦♥t❡❝❡ ❡♠ ❡st✉❞♦s
❝❧í♥✐❝♦s✮ ♦❝♦rr❡ q✉❛♥❞♦ ✉♠❛ ✉♥✐❞❛❞❡ ♦✉ ✐♥❞✐✈í❞✉♦ é r❡t✐r❛❞♦ ♥♦ ❞❡❝♦rr❡r ❞♦ ❡st✉❞♦ s❡♠
q✉❡ t❡♥❤❛ ♦❝♦rr✐❞♦ ❛ ❢❛❧❤❛✱ ♦✉ s❡❥❛✱ ♣♦r ♠♦t✐✈♦s q✉❡ ♥ã♦ tê♠ ❧✐❣❛çã♦ ❝♦♠ ♦ ❡✈❡♥t♦ ❞❡
✐♥t❡r❡ss❡✳ P♦r ❡①❡♠♣❧♦✱ ❡♠ ❡st✉❞♦s ❝❧í♥✐❝♦s✱ ♦ ♣❛❝✐❡♥t❡ ♠♦rr❡ ♣♦r ✉♠❛ r❛③ã♦ ❞✐❢❡r❡♥t❡
❞❛ ❡st✉❞❛❞❛✳
❆s ❝❡♥s✉r❛s ❛✐♥❞❛ ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞❛s ❝♦♠ s❡♥❞♦ à ❞✐r❡✐t❛✱ à ❡sq✉❡r❞❛ ♦✉
✐♥t❡r✈❛❧❛r✳ ❆ ❝❡♥s✉r❛ à ❞✐r❡✐t❛ ♦❝♦rr❡ q✉❛♥❞♦ ♦ t❡♠♣♦ ❞❡ ♦❝♦rrê♥❝✐❛ ❞♦ ❡✈❡♥t♦ ❞❡
✐♥t❡r❡ss❡ ❡stá à ❞✐r❡✐t❛ ❞♦ t❡♠♣♦ r❡❣✐str❛❞♦✳ ❆ ❝❡♥s✉r❛ à ❡sq✉❡r❞❛ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ♦
t❡♠♣♦ r❡❣✐str❛❞♦ é ♠❛✐♦r ❞♦ q✉❡ ♦ t❡♠♣♦ ❞❡ ❢❛❧❤❛✱ ✐st♦ é✱ ♦ ❡✈❡♥t♦ ❞❡ ✐♥t❡r❡ss❡ ❥á ♦❝♦rr❡✉
q✉❛♥❞♦ ♦ ✐♥❞✐✈í❞✉♦ ❢♦✐ ♦❜s❡r✈❛❞♦✳ ◆❛ ❝❡♥s✉r❛ ✐♥t❡r✈❛❧❛r✱ ♥ã♦ s❡ s❛❜❡ ♦ ♠♦♠❡♥t♦ ❡①❛t♦
❞❛ ♦❝♦rrê♥❝✐❛ ❞♦ ❡✈❡♥t♦ ❞❡ ✐♥t❡r❡ss❡✱ ♥♦ ❡♥t❛♥t♦✱ s❛❜❡✲s❡ q✉❡ ❡stá ❞❡♥tr♦ ❞❡ ✉♠ ❝❡rt♦
✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦✳
❯♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❝❡♥s✉r❛ ❞♦ t✐♣♦ ■■ é ❛ ❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛ ❞♦ t✐♣♦ ■■✳ ❆ss✐♠
❝♦♠♦ ♥❛ ❝❡♥s✉r❛ ❞♦ t✐♣♦ ■■✱ ♦ ♥ú♠❡r♦ ❞❡ ❢❛❧❤❛s é ♣ré✲❡st❛❜❡❧❡❝✐❞♦✱ t♦❞❛✈✐❛ ❛ ❝❛❞❛ ✉♠❛
❞❡ss❛s ❢❛❧❤❛s sã♦ r❡t✐r❛❞❛s ❛❧❡❛t♦r✐❛♠❡♥t❡ ♦✉tr❛s ✉♥✐❞❛❞❡s ♦❜s❡r✈❛❝✐♦♥❛✐s q✉❡ ❛✐♥❞❛
❡stã♦ ♥♦ ❡①♣❡r✐♠❡♥t♦✳ ❊ss❡ t✐♣♦ ❞❡ ❝❡♥s✉r❛ t❡♠ s✐❞♦ ❜❛st❛♥t❡ ✉t✐❧✐③❛❞❛ ❡♠ t❡st❡s ❞❡
✶✶
✈✐❞❛ út✐❧ ❞❡ ❡q✉✐♣❛♠❡♥t♦s✱ ❞❡ ♠♦❞♦ ❛ ❡❝♦♥♦♠✐③❛r t❡♠♣♦ ❡ r❡❝✉rs♦s ✜♥❛♥❝❡✐r♦s✳ ❉❡
❛❝♦r❞♦ ❝♦♠ ✭❇r✐t♦✱ ✷✵✶✹✮✱ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ ❝❡♥s✉r❛ ❞♦ t✐♣♦ ■■ ❡ ❛ ❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛
❞♦ t✐♣♦ ■■ s❡ ❞á ♣❡❧♦ ♣r❡ss✉♣♦st♦ ❞❡ q✉❡ ❛♦ ♦❝♦rr❡r ✉♠❛ ❢❛❧❤❛ ❡♠ ✉♠ ❡q✉✐♣❛♠❡♥t♦ ♣♦r
❛❧❣✉♠ ♠♦t✐✈♦✱ ♦s ♦✉tr♦s ❡q✉✐♣❛♠❡♥t♦s ❡st❛r✐❛♠ t❛♠❜é♠ ❛ ❢❛❧❤❛r ♣❡❧♦ ♠❡s♠♦ ♠♦t✐✈♦
❡✱ ♣♦r ✐ss♦✱ s❡ ❞á ❛ r❡t✐r❛❞❛ ❞❡ ✉♥✐❞❛❞❡s ❞♦ ❡①♣❡r✐♠❡♥t♦ ❛♣ós ❝❛❞❛ ❢❛❧❤❛✳
❆ ❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛ ❞♦ t✐♣♦ ■■ ♦❝♦rr❡ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❝♦♥s✐❞❡r❡ q✉❡ n ✉♥✐✲
❞❛❞❡s ♦❜s❡r✈❛❝✐♦♥❛✐s sã♦ ❝♦❧♦❝❛❞❛s ❡♠ t❡st❡ ❡ q✉❡ ❞❡s❡❥❛✲s❡ ♦❜s❡r✈❛r ♦ t❡♠♣♦ ❡♠ q✉❡
❛s m ✭m < n✮ ♣r✐♠❡✐r❛s ❢❛❧❤❛s ♦❝♦rr❡♠✳ ◆♦ ♠♦♠❡♥t♦ ❡♠ q✉❡ ♦❝♦rr❡ ❛ ♣r✐♠❡✐r❛ ❢❛❧❤❛
sã♦ r❡t✐r❛❞❛s ❛❧❡❛t♦r✐❛♠❡♥t❡ R1 ✉♥✐❞❛❞❡s ❞❛s n− 1 q✉❡ ♥ã♦ ❢❛❧❤❛r❛♠✱ r❡st❛♥❞♦ ❡♥tã♦
n − R1 − 1 ✉♥✐❞❛❞❡s✳ ❉♦ ♠❡s♠♦ ♠♦❞♦✱ q✉❛♥❞♦ ❛ s❡❣✉♥❞❛ ❢❛❧❤❛ ❛❝♦♥t❡❝❡✱ sã♦ r❡t✐✲
r❛❞❛s ❛❧❡❛t♦r✐❛♠❡♥t❡ R2 ✉♥✐❞❛❞❡s ❞❛s n − R1 − 2 q✉❡ ♥ã♦ ❢❛❧❤❛r❛♠✱ r❡st❛♥❞♦ ❛ss✐♠
n− R1 − R2 − 2 ✉♥✐❞❛❞❡s✱ ❡ ❛ss✐♠ s❡❣✉❡ ♦ ❡①♣❡r✐♠❡♥t♦ ❛té ❛ m✲és✐♠❛ ❢❛❧❤❛✳ ◆♦ ♠♦✲
♠❡♥t♦ ❞❛ m✲és✐♠❛ ❢❛❧❤❛✱ r❡st❛♠ n−R1−R2−· · ·−Rm−1−m ✉♥✐❞❛❞❡s ♥♦ ❡①♣❡r✐♠❡♥t♦
❡✱ ♣♦rt❛♥t♦✱ ❡ss❛s ✉♥✐❞❛❞❡s sã♦ ❝❡♥s✉r❛❞❛s✱ ❥á q✉❡ ♦ ♥ú♠❡r♦ ❞❡ m ❢❛❧❤❛s ❢♦✐ ❛t✐♥❣✐❞♦✳
❱❛❧❡ s❛❧✐❡♥t❛r q✉❡ R1, ..., Rm sã♦ ✈❛❧♦r❡s ♣ré✲❡st❛❜❡❧❡❝✐❞♦s✳
❖❜s❡r✈❡ q✉❡ n = R1+R2+ · · ·+Rm+m✳ ❆ss✐♠✱ s❡ R1+R2+ · · ·+Rm = 0✱ ❡♥tã♦
n = m✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❝❛s♦ s❡♠ ❝❡♥s✉r❛✳ ❊♥tr❡t❛♥t♦✱ s❡ R1+R2+· · ·+Rm−1 = 0✱
❡♥tã♦ Rm = n−m✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ à ❝❡♥s✉r❛ ❞♦ t✐♣♦ ■■ ❝♦♥✈❡♥❝✐♦♥❛❧✳
✶✳✶✳✷ ❋✉♥çõ❡s ■♠♣♦rt❛♥t❡s ❡♠ ❆♥á❧✐s❡ ❞❡ ❙♦❜r❡✈✐✈ê♥❝✐❛
❖s ❞❛❞♦s ❞❡ ❛♥á❧✐s❡ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛✱ ♠❡❞❡♠ ♦ t❡♠♣♦ ❛té ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠
❞❡t❡r♠✐♥❛❞♦ ❡✈❡♥t♦ ❞❡ ✐♥t❡r❡ss❡ ❡✱ ❝♦♠♦ ❡ss❡s t❡♠♣♦s ❡stã♦ s✉❥❡✐t♦s ❛ ✈❛r✐❛çõ❡s ❛❧❡❛✲
tór✐❛s✱ ❝❛r❛❝t❡r✐③❛♠ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳ ❚❛❧ ✈❛r✐á✈❡❧ é ❡s♣❡❝✐✜❝❛❞❛✱ ❡♠ ❛♥á❧✐s❡ ❞❡
s♦❜r❡✈✐✈ê♥❝✐❛✱ ♣❡❧❛ s✉❛ ❢✉♥çã♦ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ♦✉ ♣❡❧❛ ❢✉♥çã♦ ❞❡ t❛①❛ ❞❡ ❢❛❧❤❛✳
❋✉♥çã♦ ❞❡ ❙♦❜r❡✈✐✈ê♥❝✐❛
❆ ❢✉♥çã♦ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ é ❞❡✜♥✐❞❛ ❝♦♠♦ s❡♥❞♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ♦❜✲
s❡r✈❛çã♦ ♥ã♦ ❢❛❧❤❛r ❛té ✉♠ ❝❡rt♦ t❡♠♣♦ t✱ ✐st♦ é✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ♦❜s❡r✈❛çã♦
s♦❜r❡✈✐✈❡r ♠❛✐s q✉❡ ✉♠ t❡♠♣♦ t✱ ❝♦♠ t > 0✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ T ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛
q✉❡ r❡♣r❡s❡♥t❛ ♦ t❡♠♣♦ ❞❡ ❢❛❧❤❛✱ ❛ ❢✉♥çã♦ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ♣♦❞❡ s❡r ❡s❝r✐t❛✱ ❡♠ t❡r♠♦s
♣r♦❜❛❜✐❧íst✐❝♦s✱ ❝♦♠♦✿
S(t) = P (T > t).
✶✷
❆ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❛❝✉♠✉❧❛❞❛ ✭❢❞❛✮✱ ❞❡♥♦t❛❞❛ ♣♦r F (t)✱ é ❞❡✜♥✐❞❛ ❝♦♠♦ ❛
♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ♦❜s❡r✈❛çã♦ ♥ã♦ s♦❜r❡✈✐✈❡r ♠❛✐s q✉❡ ✉♠ t❡♠♣♦ t✳ ❉❡st❡ ♠♦❞♦✱
t❡♠♦s q✉❡
S(t) = 1− P (T ≤ t) = 1− F (t).
Pr♦♣r✐❡❞❛❞❡ ✶✳✶ ❙❡ T é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❝♦♥tí♥✉❛ ❡ ♥ã♦✲♥❡❣❛t✐✈❛ ❡ S é s✉❛
❢✉♥çã♦ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛✱ ❡♥tã♦
✭✐✮ S é ❝♦♥tí♥✉❛ ❡ ♠♦♥ót♦♥❛ ♥ã♦✲❝r❡s❝❡♥t❡❀
✭✐✐✮ S(0) = 1 ❡ lim
t→∞
S(t) = 0✳
❉❡♠♦♥str❛çã♦✿
❙❡❥❛ F (t) ❛ ❢❞❛ ❞❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ T ✳ P❡❧♦ ❢❛t♦ ❞❡ F s❡r ✉♠❛ ❢❞❛✱ ❡♥tã♦
F : R→ [0; 1] ❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭❏❛♠❡s✱ ✷✵✶✺✱ ♣✳ ✹✶✮✱ ❣♦③❛ ❞❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿
P✶✳ F é ♥ã♦✲❞❡❝r❡s❝❡♥t❡❀
P✷✳ F é ❝♦♥tí♥✉❛ à ❞✐r❡✐t❛❀
P✸✳ lim
t→−∞
F (t) = 0 ❡ lim
t→+∞
F (t) = 1✳
❆ss✐♠✱
✭✐✮ ❙❡❥❛♠ t1, t2 ∈ R✱ ❞❡ ♠♦❞♦ q✉❡ t1 ≤ t2✳ P♦r P✶✱ t❡♠♦s q✉❡ F é ♥ã♦✲❞❡❝r❡s❝❡♥t❡✱
❧♦❣♦✱
F (t1) ≤ F (t2)⇒ −F (t1) ≥ −F (t2)
⇒ 1− F (t1) ≥ 1− F (t2)
⇒ S(t1) ≥ S(t2).
P♦rt❛♥t♦✱ S é ♥ã♦✲❝r❡s❝❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ ✶ é ❝♦♥tí♥✉❛
❡✱ ❞❡ P✷✱ t❡♠♦s q✉❡ F t❛♠❜é♠ é ❝♦♥tí♥✉❛✳ P♦rt❛♥t♦✱ ❝♦♠♦ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡
❢✉♥çõ❡s ❝♦♥tí♥✉❛s é ❝♦♥tí♥✉❛✱ S(t) = 1− F (t) é ❝♦♥tí♥✉❛ ♣❛r❛ t♦❞♦ t > 0✳
✭✐✐✮ ❆ ❢✉♥çã♦ S(t) ❡stá ❞❡✜♥✐❞❛ ♣❛r❛ ✈❛❧♦r❡s ❞❡ t ≥ 0✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦
F ❡ ♣❡❧♦ ❢❛t♦ ❞❡ T s❡r ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❝♦♥tí♥✉❛✱ t❡♠♦s q✉❡ F (0) = 0✳ ❉❛í✱
S(0) = 1− F (0) = 1.
✶✸
P♦r P✸✱ ❝❤❡❣❛♠♦s q✉❡
lim
t→+∞
S(t) = lim
t→+∞
[1− F (t)] = 1− lim
t→+∞
F (t) = 1− 1 = 0.
❋✉♥çã♦ ❞❡ ❚❛①❛ ❞❡ ❋❛❧❤❛
❚❡♠♦s q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rr❡r ❢❛❧❤❛ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ [t1, t2) é
❞❛❞❛ ♣♦r
P (t1 ≤ T < t2) = P (T ≤ t2)− P (T < t1)
= F (t2)− F (t1)
= [1− S(t2)]− [1− S(t1)]
= S(t1)− S(t2).
❆ t❛①❛ ❞❡ ❢❛❧❤❛ ♥♦ ✐♥t❡r✈❛❧♦ [t1, t2)✱ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r λ(t1, t2)✱ é ❞❡✜♥✐❞❛
❝♦♠♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❛ ❢❛❧❤❛ ♦❝♦rr❛ ♥❡ss❡ ✐♥t❡r✈❛❧♦✱ ❞❛❞♦ q✉❡ ♥ã♦ ♦❝♦rr❡✉ ❛♥t❡s
❞❡ t1✱ ❞✐✈✐❞✐❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ✐♥t❡r✈❛❧♦✱ ♦✉ s❡❥❛✱
λ(t1, t2) =
P (t1 ≤ T < t2|T ≥ t1)
t2 − t1 =
S(t1)− S(t2)
(t2 − t1)S(t1) . ✭✶✳✶✮
❉❡ ♠♦❞♦ ❣❡r❛❧✱ r❡❞❡✜♥✐♥❞♦ ♦ ✐♥t❡r✈❛❧♦ ❝♦♠♦ [t, t+∆t)✱ ❛ ❊①♣r❡ssã♦ ✭✶✳✶✮ ❛ss✉♠❡
❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿
λ(t) =
S(t)− S(t+∆t)
S(t)∆t
.
❉❡✜♥✐çã♦ ✶✳✶ ❆ ❢✉♥çã♦ t❛①❛ ❞❡ ❢❛❧❤❛ ✐♥st❛♥tâ♥❡❛✱ t❛♠❜é♠ ❞❡♥♦♠✐♥❛❞❛ ❢✉♥çã♦ ❞❡
r✐s❝♦✱ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ♥ã♦✲♥❡❣❛t✐✈❛ T ✱ é ❞❛❞❛ ♣♦r
h(t) = lim
∆t→0
P (t ≤ T < t+∆t|T > t)
∆t
.
◆♦t❡ q✉❡ ❛ ❢✉♥çã♦ ❞❡ r✐s❝♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛✲
❜✐❧✐❞❛❞❡✱ f(t)✱ ❡ ❞❛ ❢✉♥çã♦ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛✱ S(t)✱ ♣♦✐s
h(t) = lim
∆t→0
P (t ≤ T < t+∆t|T > t)
∆t
= lim
∆t→0
P (t ≤ T < t+∆t)
P (T > t)∆t
=
1
P (T > t)
lim
∆t→0
P (t ≤ T < t+∆t)
∆t
=
f(t)
S(t)
.
✶✹
❋✉♥çã♦ ❞❡ ❚❛①❛ ❞❡ ❋❛❧❤❛ ❆❝✉♠✉❧❛❞❛
❯♠❛ ♦✉tr❛ ❢✉♥çã♦ ❜❛st❛♥t❡ út✐❧ ❡♠ ❛♥á❧✐s❡ ❞❡ ❞❛❞♦s ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ é ❛ ❢✉♥çã♦
❞❡ t❛①❛ ❞❡ ❢❛❧❤❛ ❛❝✉♠✉❧❛❞❛✳
❉❡✜♥✐çã♦ ✶✳✷ ❙❡❥❛ T ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ♥ã♦✲♥❡❣❛t✐✈❛✱ ❞❡ ♠♦❞♦ q✉❡ s✉❛ ❢✉♥çã♦ ❞❡
t❛①❛ ❞❡ ❢❛❧❤❛ é h(t)✳ ❊♥tã♦✱ ❛ t❛①❛ ❞❡ ❢❛❧❤❛ ❛❝✉♠✉❧❛❞❛ ✭♦✉ ❢✉♥çã♦ ❞❡ r✐s❝♦ ❛❝✉♠✉❧❛❞❛✮
❞❡ T é ❞❛❞❛ ♣♦r
H(t) =
∫ t
0
h(u)du.
❙❡❣✉♥❞♦ ✭❈♦❧♦s✐♠♦ ✫ ●✐♦❧♦✱ ✷✵✵✻✱ ♣✳ ✷✹✮✱ ❛ ❢✉♥çã♦ ❞❡ t❛①❛ ❞❡ ❢❛❧❤❛ ❛❝✉♠✉❧❛❞❛
♥ã♦ t❡♠ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❞✐r❡t❛✱ ❡♥tr❡t❛♥t♦✱ ❡❧❛ ♣♦❞❡ s❡r út✐❧ ♥❛ ❛✈❛❧✐❛çã♦ ❞❛ ❢✉♥çã♦
❞❡ ♠❛✐♦r ✐♥t❡r❡ss❡ q✉❡ é ❛ ❞❡ t❛①❛ ❞❡ ❢❛❧❤❛ h(t)✳ ■ss♦ ❛❝♦♥t❡❝❡✱ ❡ss❡♥❝✐❛❧♠❡♥t❡✱ ♥❛
❡st✐♠❛çã♦ ♥ã♦✲♣❛r❛♠étr✐❝❛ ❡♠ q✉❡ H(t) ❛♣r❡s❡♥t❛ ✉♠ ❡st✐♠❛❞♦r ❝♦♠ ♣r♦♣r✐❡❞❛❞❡s
ót✐♠❛s ❡ h(t) é ❞❡ ❞✐❢í❝✐❧ ❡st✐♠❛çã♦✳
❚❡♠♣♦ ▼é❞✐♦ ❞❡ ❱✐❞❛ ❡ ❱✐❞❛ ▼é❞✐❛ ❘❡s✐❞✉❛❧
❖✉tr❛s ❞✉❛s ❢✉♥çõ❡s q✉❡ sã♦ ❞❡ ✐♥t❡r❡ss❡ ❡♠ ❛♥á❧✐s❡ s♦❜r❡✈✐✈ê♥❝✐❛ sã♦ ♦ t❡♠♣♦
♠é❞✐♦ ❞❡ ✈✐❞❛ ❡ ❛ ✈✐❞❛ ♠é❞✐❛ r❡s✐❞✉❛❧✳
❉❡✜♥✐çã♦ ✶✳✸ ❖ t❡♠♣♦ ♠é❞✐♦ ❞❡ ✈✐❞❛ ❞❡ ✉♠❛ ♦❜s❡r✈❛çã♦ é ❞❛❞♦ ♣♦r
tm = E(T ).
❖ t❡♠♣♦ ♠é❞✐♦ ❞❡ ✈✐❞❛ ❞❡ ✉♠❛ ♦❜s❡r✈❛çã♦ ❛✐♥❞❛ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿
tm =
∫ ∞
0
S(t)dt.
❉❡ ❢❛t♦✿ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭❏❛♠❡s✱ ✷✵✶✺✱ ♣✳ ✶✷✷✮✱ s❡ T é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ♥ã♦✲
♥❡❣❛t✐✈❛✱ ❡♥tã♦
E(T ) =
∫ ∞
0
P (T > t)dt.
❉❛í✱
tm = E(T ) =
∫ ∞
0
P (T > t)dt =
∫ ∞
0
S(t)dt.
❉❡✜♥✐çã♦ ✶✳✹ ❆ ✈✐❞❛ ♠é❞✐❛ r❡s✐❞✉❛❧ é ♦ t❡♠♣♦ ♠é❞✐♦ ❞❡ ✈✐❞❛ r❡st❛♥t❡ ❞❡ ✉♠❛ ♦❜s❡r✲
✈❛çã♦ q✉❡ s♦❜r❡✈✐✈❡✉ ❛té ✉♠ t❡♠♣♦ t✱ ♦✉ s❡❥❛✱
✈♠r(t) = E(T − t|T ≥ t).
✶✺
❆ ✈✐❞❛ ♠é❞✐❛ r❡s✐❞✉❛❧ ❛♣r❡s❡♥t❛❞❛ ♥❛ ❉❡✜♥✐çã♦ ✶✳✹ ❛✐♥❞❛ ♣♦❞❡ s❡r s✐♠♣❧✐✜❝❛❞❛✱
❞❡ ♠♦❞♦ q✉❡
✈♠r✭t✮ =
∫∞
t
(u− t)f(u)du
S(t)
=
∫∞
t
S(u)du
S(t)
.
✭❈♦❧♦s✐♠♦ ✫ ●✐♦❧♦✱ ✷✵✵✻✱ ♣✳ ✷✺✮ ❛♣r❡s❡♥t❛ ❛❧❣✉♠❛s r❡❧❛çõ❡s ❡♥✈♦❧✈❡♥❞♦ ❛ ✈✐❞❛
♠é❞✐❛ r❡s✐❞✉❛❧✱ sã♦ ❡❧❛s✿
S(t) =
✈♠r(0)
✈♠r(t)
exp
{
−
∫ t
0
du
✈♠r✭✉✮
}
❡
h(t) =
1
✈♠r(t)
(
d
dt
✈♠r(t) + 1
)
.
❘❡❧❛çõ❡s ❡♥tr❡ ❋✉♥çõ❡s ❞❡ ❚❡♠♣♦ ❞❡ ❙♦❜r❡✈✐✈ê♥❝✐❛
❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s r❡❧❛çõ❡s ✐♠♣♦rt❛♥t❡s ❡♥tr❡ ❛s ❢✉♥çõ❡s ❞❡ t❡♠♣♦
❞❡ s♦❜r❡✈✐✈ê♥❝✐❛✳
✶✳ f(t) = −S ′(t)✳
❉❡♠♦♥str❛çã♦✿
❚❡♠♦s q✉❡
S(t) = 1− F (t)⇔ F (t) = 1− S(t).
❉❛í✱
f(t) =
d
dt
F (t) =
d
dt
[1− S(t)] = −S ′(t).
✷✳ h(t) = − d
dt
log[S(t)]✳
❉❡♠♦♥str❛çã♦✿
h(t) =
f(t)
S(t)
= −S
′(t)
S(t)
= − d
dt
log[S(t)].
✸✳ H(t) = − log[S(t)]✳
❉❡♠♦♥str❛çã♦✿
H(t) =
∫ t
0
h(u)du
=
∫ t
0
− d
du
log[S(u)]du
= − log[S(t)].
✶✻
✹✳ f(t) = h(t) exp{−H(t)}✳
❉❡♠♦♥str❛çã♦✿
❖❜s❡r✈❡ q✉❡
H(t) = − log[S(t)]⇔ −H(t) = log[S(t)]
⇔ exp{−H(t)} = S(t).
❈♦♠♦✱
h(t) =
f(t)
S(t)
⇔ f(t) = h(t)S(t),
❡♥tã♦
f(t) = h(t) exp{−H(t)}.
✶✳✶✳✸ ▼♦❞❡❧♦s Pr♦❜❛❜✐❧íst✐❝♦s ❡♠ ❆♥á❧✐s❡ ❞❡ ❙♦❜r❡✈✐✈ê♥❝✐❛
❊♠ ❛♥á❧✐s❡ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛✱ s❡ tr❛t❛♥❞♦ ❞❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛♠étr✐❝❛✱ ❢❛③✲s❡
♦ ✉s♦ ❞❡ ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ ♠♦❞❡❧❛❣❡♠ ❞♦ t❡♠♣♦ ❞❡ ❢❛❧❤❛✳ ❊①✐st❡♠
✈ár✐♦s ♠♦❞❡❧♦s ♣r♦❜❛❜✐❧íst✐❝♦s q✉❡ ♣♦❞❡♠ s❡r ✉s❛❞♦s ♣❛r❛ t❛❧ ♠♦❞❡❧❛❣❡♠✱ ❝♦♠♦✱ ♣♦r
❡①❡♠♣❧♦✱ ♦s ♠♦❞❡❧♦s ❡①♣♦♥❡♥❝✐❛❧✱ ❲❡✐❜✉❧❧✱ ❣❛♠❛✱ ❧♦❣✲♥♦r♠❛❧ ❡ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✳
❚❛✐s ♠♦❞❡❧♦s ❡st❛tíst✐❝♦s✱ ❡ ♦✉tr♦s ♠❛✐s✱ sã♦ ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r q✉❛♥t✐❞❛❞❡s ❞❡s❝♦♥❤❡✲
❝✐❞❛s ❞❡♥♦♠✐♥❛❞❛s ♣❛râ♠❡tr♦s✳
◆♦s ❡st✉❞♦s ❡♥✈♦❧✈❡♥❞♦ t❡♠♣♦s ❞❡ ❢❛❧❤❛✱ ♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ❞❡✈❡♠ s❡r
❡st✐♠❛❞♦s ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ❛♠♦str❛✐s✱ ♣❡r♠✐t✐♥❞♦ ❛ss✐♠ q✉❡ ♦ ♠♦❞❡❧♦ ✜q✉❡ ❝♦♠♣❧❡✲
t❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦ ❡ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ♦❜t❡r ✐♥❢♦r♠❛çõ❡s r❡❧❡✈❛♥t❡s ♣❛r❛ ♦ ❡st✉❞♦✳
❊①✐st❡♠ ✈ár✐♦s ♠ét♦❞♦s ❞❡ ❡st✐♠❛çã♦ ❝♦♥❤❡❝✐❞♦s ♥❛ ❧✐t❡r❛t✉r❛✳ ◆♦ ❡♥t❛♥t♦✱ ♥❛
♣r❡s❡♥ç❛ ❞❡ ❝❡♥s✉r❛ ♥❡♠ t♦❞♦s ♦s ♠ét♦❞♦s sã♦ ❛❞❡q✉❛❞♦s✱ ♣♦✐s ♥ã♦ ✐♥❝♦r♣♦r❛♠ t❛✐s
❝❡♥s✉r❛s✳ ❖ ▼ét♦❞♦ ❞❡ ▼á①✐♠❛ ❱❡r♦ss✐♠✐❧❤❛♥ç❛ s✉r❣❡ ❝♦♠♦ ✉♠❛ ❛❧t❡r♥❛t✐✈❛ ❛♣r♦♣r✐✲
❛❞❛ ❡ t❡♠ ❛ ✈❛♥t❛❣❡♠ ❞❡ ♣♦ss✉✐r ♣r♦♣r✐❡❞❛❞❡s ót✐♠❛s ♣❛r❛ ❣r❛♥❞❡s ❛♠♦str❛s✳
▼ét♦❞♦ ❞❡ ▼á①✐♠❛ ❱❡r♦ss✐♠✐❧❤❛♥ç❛
❊s❝♦❧❤✐❞♦ ♦ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦ ❛ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ♠♦❞❡❧❛❣❡♠ ❞♦s ❞❛❞♦s✱ ♦
♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❜✉s❝❛ ♦ ✈❛❧♦r ❞♦ ♣❛râ♠❡tr♦ ✭♦✉ ✈❡t♦r ❞❡ ♣❛râ✲
♠❡tr♦s✮ ❝♦♠ ♠❛✐♦r ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ t❡r ❣❡r❛❞♦ ❛ ❛♠♦str❛ ❡♠ q✉❡stã♦ ❡♥tr❡ t♦❞♦s ♦s
♣♦ssí✈❡✐s ✈❛❧♦r❡s ♣❛r❛ ♦ ♣❛râ♠❡tr♦✳
✶✼
■♥✐❝✐❛❧♠❡♥t❡✱ s✉♣♦♥❤❛ ✉♠❛ ❛♠♦str❛ ❞❡ ♦❜s❡r✈❛çõ❡s t1, ..., tn ❞❡ ✉♠❛ ❝❡rt❛ ♣♦♣✉✲
❧❛çã♦ ❞❡ ✐♥t❡r❡ss❡✱ ❞❡ ♠♦❞♦ q✉❡ t♦❞❛s ❡ss❛s ♦❜s❡r✈❛çõ❡s sã♦ ♥ã♦✲❝❡♥s✉r❛❞❛s✳ ❙✉♣♦♥❤❛
❛✐♥❞❛ q✉❡ ❛ ♣♦♣✉❧❛çã♦ é ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r s✉❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ f(t)✳ ❆ss✐♠✱ ❛ ❢✉♥çã♦
❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ✉♠ ♣❛râ♠❡tr♦ ❣❡♥ér✐❝♦ θ ✭q✉❡ ♣♦❞❡ s❡r ✉♠ ✈❡t♦r ❞❡ ♣❛râ♠❡✲
tr♦s✮ ❞❡ss❛ ♣♦♣✉❧❛çã♦ é ❡①♣r❡ss❛ ♣♦r✿
L(θ) =
n∏
i=1
f(ti; θ).
❊♥❝♦♥tr❛r ♦ ❡st✐♠❛❞♦r ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡ θ ❝♦rr❡s♣♦♥❞❡ ❛ ❡♥❝♦♥tr❛r
♦ ✈❛❧♦r θˆ q✉❡ ♠❛①✐♠✐③❛ ❛ ❢✉♥çã♦ L✳
❖❜s❡r✈❡ q✉❡ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ L(θ) ♠♦str❛ q✉❡ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡ ❝❛❞❛
♦❜s❡r✈❛çã♦ ♥ã♦✲❝❡♥s✉r❛❞❛ é ❛ s✉❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡✳ ◆♦ ❡♥t❛♥t♦✱ ✭❈♦❧♦s✐♠♦ ✫ ●✐♦❧♦✱
✷✵✵✻✱ ♣✳ ✽✺✮ ❛✜r♠❛ q✉❡✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❤á ♣r❡s❡♥ç❛ ❞❡ ♦❜s❡r✈❛çõ❡s ❝❡♥s✉r❛❞❛s✱ t❡♠♦s
❛♣❡♥❛s ❛ ✐♥❢♦r♠❛çã♦ ❞❡ q✉❡ ♦ t❡♠♣♦ ❞❡ ❢❛❧❤❛ é ♠❛✐♦r q✉❡ ♦ t❡♠♣♦ ❞❡ ❝❡♥s✉r❛ ♦❜s❡r✈❛❞♦
❡✱ ♣♦rt❛♥t♦✱ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡ ❝❛❞❛ ✉♠❛ ❞❡ss❛s ♦❜s❡r✈❛çõ❡s ♣❛r❛ L(θ) é s✉❛ ❢✉♥çã♦ ❞❡
s♦❜r❡✈✐✈ê♥❝✐❛ S(t)✳ ❊♥tã♦✱ ❡ss❛s ♦❜s❡r✈❛çõ❡s ♣♦❞❡♠ s❡r ❞✐✈✐❞✐❞❛s ❡♠ ❞♦✐s ❝♦♥❥✉♥t♦s✱
❡♠ q✉❡ ✉♠ ❞❡❧❡s ❝♦♥té♠ ❛s r ♦❜s❡r✈❛çõ❡s ♥ã♦✲❝❡♥s✉r❛❞❛s ✭1, 2, ..., r✮ ❡✱ ♦ ♦✉tr♦✱ ❝♦♥té♠
❛s n−r ♦❜s❡r✈❛çõ❡s ❝❡♥s✉r❛❞❛s ✭r+1, r+2, ..., n✮✳ ❆ s❡❣✉✐r✱ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ❛ ❢✉♥çã♦
❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❝❡♥s✉r❛ à ❞✐r❡✐t❛ ❡ ❛s ❝❡♥s✉r❛s ❞♦ t✐♣♦ ■✱ t✐♣♦ ■■ ❡
❛❧❡❛tór✐❛✳
• ❈❡♥s✉r❛ ❞♦ t✐♣♦ ■✿ ♥❡st❡ ❝❛s♦✱ t❡♠✲s❡ r ❢❛❧❤❛s ❡ n− r ❝❡♥s✉r❛s ♦❜s❡r✈❛❞❛s ❛♦
✜♠ ❞♦ ❡①♣❡r✐♠❡♥t♦ ❡✱ s❡♥❞♦ ❛ss✐♠✱ L(θ) ❛ss✉♠❡ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ❣❡r❛❧✿
L(θ) =
r∏
i=1
f(ti; θ)
n∏
i=r+1
S(ti; θ). ✭✶✳✷✮
• ❈❡♥s✉r❛ ❞♦ t✐♣♦ ■■✿ ❛q✉✐✱ r é ✜①♦ ❡ s♦♠❡♥t❡ ♦s r ♠❡♥♦r❡s t❡♠♣♦s sã♦ ♦❜s❡r✈❛✲
❞♦s✳ ❆ss✐♠✱ ❞❡ r❡s✉❧t❛❞♦s ❜❛s❡❛❞♦s ❡♠ ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠✱ s❡❣✉❡ q✉❡✿
L(θ) =
n!
(n− r)!
r∏
i=1
f(ti; θ)
n∏
i=r+1
S(ti; θ).
P♦❞❡♠♦s ♥♦t❛r q✉❡ ♦ t❡r♠♦
n!
(n− r)! é ✉♠❛ ❝♦♥st❛♥t❡ ❡✱ ❞❡ss❡ ♠♦❞♦✱ ♣♦❞❡ s❡r
❞❡s♣r❡③❛❞♦✱ ♣♦✐s ♥ã♦ ❡♥✈♦❧✈❡ q✉❛❧q✉❡r ♣❛râ♠❡tr♦ ❞❡ ✐♥t❡r❡ss❡✳ P♦rt❛♥t♦✱
L(θ) ∝
r∏
i=1
f(ti; θ)
n∏
i=r+1
S(ti; θ), ✭✶✳✸✮
✶✽
♦♥❞❡ ∝ r❡♣r❡s❡♥t❛ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡✳
P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❛s ❞❡♠♦♥str❛çõ❡s ❞❛s ❊①♣r❡ssõ❡s ✭✶✳✷✮ ❡ ✭✶✳✸✮✱ ✈❡r
✭▲❛✇❧❡ss✱ ✷✵✶✶✮✳
• ❈❡♥s✉r❛ ❛❧❡❛tór✐❛✿ ♥❡st❛ s✐t✉❛çã♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r q✉❡✿
✶✳ T ❡ C sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❛s q✉❛✐s ❞❡♥♦t❛♠ ♦s t❡♠♣♦s ❞❡
❢❛❧❤❛ ❡ ❞❡ ❝❡♥s✉r❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡❀
✷✳ S(t) ❡ G(t) sã♦ ❛s ❢✉♥çõ❡s ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ❞❡ T ❡ C✱ r❡s♣❡❝t✐✈❛♠❡♥t❡❀
✸✳ G(t) ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ♥❡♥❤✉♠ ♣❛râ♠❡tr♦ ❞❡ S(t) ✭❝❡♥s✉r❛ ♥ã♦ ✐♥❢♦r♠❛t✐✈❛✮❀
✹✳ f(ti) ❡ g(ti) sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s ❢✉♥çõ❡s ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡
Ti ❡ Ci✳
❙♦❜ ❡ss❛s ❝♦♥s✐❞❡r❛çõ❡s✱ ✭❈♦❧♦s✐♠♦ ✫ ●✐♦❧♦✱ ✷✵✵✻✱ ♣✳ ✽✻✮ ❛♣r❡s❡♥t❛ ❛ ❢✉♥çã♦ ❞❡
✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ t❡♠♦s ❝❡♥s✉r❛ ❛❧❡❛tór✐❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿
L(θ) =
r∏
i=1
f(ti; θ)G(ti)
n∏
i=r+1
g(ti)S(ti; θ).
❙♦❜ ❛ s✉♣♦s✐çã♦ ❞❡ q✉❡ ❡st❛♠♦s ❛ss✉♠✐♥❞♦ ❝❡♥s✉r❛ ♥ã♦ ✐♥❢♦r♠❛t✐✈❛✱ ♦s t❡r♠♦s
G(ti) ❡ g(ti) ♣♦❞❡♠ s❡r ❞❡s♣r❡③❛❞♦s✱ ♣♦✐s ♥ã♦ ❡♥✈♦❧✈❡♠ θ✳ ▲♦❣♦✱ t❡♠♦s q✉❡
L(θ) ∝
r∏
i=1
f(ti; θ)
n∏
i=r+1
S(ti; θ).
❉♦ q✉❡ ❢♦✐ ❡①♣♦st♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ♦s ✸ t✐♣♦s
❞❡ ❝❡♥s✉r❛ é ❛ ♠❡s♠❛ ❡ é ❞❛❞❛ ♣♦r✿
L(θ) ∝
r∏
i=1
f(ti; θ)
n∏
i=r+1
S(ti; θ).
❈♦♥s✐❞❡r❛♥❞♦ δi ❝♦♠♦ s❡♥❞♦ ✉♠❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ ❞❡ ❢❛❧❤❛✱ ❞❡ ♠♦❞♦ q✉❡
δi =

 1, s❡ ti é ✉♠ t❡♠♣♦ ❞❡ ❢❛❧❤❛0, s❡ ti é ✉♠ t❡♠♣♦ ❝❡♥s✉r❛❞♦✱
❡♥tã♦✱ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ✜❝❛ ❞❛❞❛ ♣♦r✿
L(θ) ∝
n∏
i=1
[f(ti; θ)]
δi [S(ti; θ)]
1−δi .
✶✾
❋✉♥çã♦ ❞❡ ❱❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ❉❛❞♦s Pr♦❣r❡ss✐✈❛♠❡♥t❡ ❈❡♥s✉r❛❞♦s ❞♦
❚✐♣♦ ■■
❙❡❥❛♠ X1:m:n, ..., Xm:m:n ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s r❡❢❡r❡♥t❡s ❛♦s t❡♠♣♦s ♦r❞❡♥❛❞♦s ❞❡
❢❛❧❤❛ ❞❛s m ✉♥✐❞❛❞❡s ♦❜s❡r✈❛❝✐♦♥❛✐s q✉❡ ❢❛❧❤❛r❛♠ ✭❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠ ♣r♦❣r❡ss✐✲
✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛s ❞♦ t✐♣♦ ■■✮✱ ❡ x1, ..., xm s✉❛s r❡s♣❡❝t✐✈❛s ♦❜s❡r✈❛çõ❡s✳ ❈♦♥s✐❞❡r❡✱
t❛♠❜é♠✱ ✉♠ ❡sq✉❡♠❛ ❞❡ ❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛ ❞♦ t✐♣♦ ■■ ♣ré✲❞❡✜♥✐❞♦ R1, ..., Rm✳ ❊♥tã♦✱
♥❡st❡ ❝❛s♦✱ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ✉♠ ♣❛râ♠❡tr♦ ❣❡♥ér✐❝♦ θ ✭q✉❡ ♣♦❞❡ s❡r
✉♠ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s✮ é ❛♣r❡s❡♥t❛❞❛ ❡♠ ✭❘❛❞ ❡t ❛❧✳✱ ✷✵✶✶✮ ❝♦♠♦ s❡♥❞♦✿
L(θ) = fX1:m:n,...,Xm:m:n(x1, ..., xm; θ) = c
m∏
i=1
f(xi; θ)[1− F (xi; θ)]Ri , ✭✶✳✹✮
❞❡ ♠♦❞♦ q✉❡ f(xi; θ) ❡ F (xi; θ) sã♦ ❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❡ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦
❛❝✉♠✉❧❛❞❛ ❞♦s t❡♠♣♦s ❞❡ ❢❛❧❤❛ xi✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡
c = n(n−R1 − 1)× · · · × (n−R1 −R2 − · · · −Rm−1 −m+ 1)
✳ ❉❡♠♦♥str❛çã♦✿ ✈❡r ❆♣ê♥❞✐❝❡ ❆✳
✶✳✷ ❚❡st❡s ❞❡ ❇♦♥❞❛❞❡ ❞❡ ❆❥✉st❡
❙❡❥❛ X1, ..., Xn ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ r❡❢❡r❡♥t❡ ❛ ✉♠ ❡①♣❡r✐♠❡♥t♦✳ ▼✉✐t❛s ✈❡③❡s
♥♦s ❞❡♣❛r❛♠♦s ❝♦♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ t❡st❛r s❡ ❡ss❛ ❛♠♦str❛ ♣r♦✈é♠ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧
❛❧❡❛tór✐❛ ❝♦♠ ❞❡t❡r♠✐♥❛❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ◆❡ss❛ ✈❡rt❡♥t❡✱ ♦s t❡st❡s
❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ sã♦ ❢r❡q✉❡♥t❡♠❡♥t❡ ✉t✐❧✐③❛❞♦s✱ ❞❡ ♠♦❞♦ q✉❡ s❡ ♣♦ss❛ ✈❡r✐✜❝❛r s❡
❞❡t❡r♠✐♥❛❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛❥✉st❛✲s❡ ❜❡♠ ❛♦s ❞❛❞♦s ♦❜s❡r✈❛❞♦s✳ ❆ss✐♠✱
❢♦r♠❛❧♠❡♥t❡✱ t❡st❛♠♦s ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s✿
 H0 : ❖s ❞❛❞♦s ♣r♦✈ê♠ ❞❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ X ❝♦♠ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ F (x);H1 : ❖s ❞❛❞♦s ♥ã♦ ♣r♦✈ê♠ ❞❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ X ❝♦♠ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ F (x).
✭❉✬❆❣♦st✐♥♦ ✫ ❙t❡♣❤❡♥s✱ ✶✾✽✻✮ ❞❡s✐❣♥❛ ❤✐♣ót❡s❡ s✐♠♣❧❡s ❝♦♠♦ s❡♥❞♦ ♦s ❝❛s♦s ❡♠
q✉❡ ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❡s♣❡❝✐✜❝❛ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❛❝✉♠✉❧❛❞❛ ❡ s✉♣õ❡ q✉❡ ♦ ✈❡t♦r
❞❡ ♣❛râ♠❡tr♦s é ❝♦♥❤❡❝✐❞♦✳ ❙❡ t❛❧ ✈❡t♦r é ❞❡s❝♦♥❤❡❝✐❞♦✱ t❡♠♦s q✉❡ ❛ ❤✐♣ót❡s❡ é ❞✐t❛
❝♦♠♣♦st❛✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ✈❛♠♦s ♥♦s ❛t❡r ❛♣❡♥❛s ❛♦ ❝❛s♦ ❡♠ q✉❡ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s
é ❞❡s❝♦♥❤❡❝✐❞♦✳
✷✵
P❛r❛ t❡st❛r ❛ ❤✐♣ót❡s❡ H0✱ ❡①✐st❡♠ ✈ár✐♦s ♠ét♦❞♦s ♥❛ ❧✐t❡r❛t✉r❛✳ ◆❡ss❛ ✈❡rt❡♥t❡✱
t❡st❡s ❜❛s❡❛❞♦s ♥❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❡ ❛ t❡ór✐❝❛ sã♦
❜❛st❛♥t❡ ✉t✐❧✐③❛❞♦s✱ ♦s q✉❛✐s sã♦ ❛♠♣❧❛♠❡♥t❡ ❡st✉❞❛❞♦s ❡♠ ✭❉✬❆❣♦st✐♥♦ ✫ ❙t❡♣❤❡♥s✱
✶✾✽✻✮✳
✶✳✷✳✶ ❊st❛tíst✐❝❛ ❞❡ ❋✉♥çã♦ ❞❡ ❉✐str✐❜✉✐çã♦ ❊♠♣ír✐❝❛
❖ ❢❛t♦ ❞❡ ❝♦♥❤❡❝❡r♠♦s ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❛❝✉♠✉❧❛❞❛✱ ♦✉ ❛♣❡♥❛s ❢✉♥çã♦ ❞❡
❞✐str✐❜✉✐çã♦✱ ♥♦s ♣❡r♠✐t❡ ♦❜t❡r ♠✉✐t❛ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ❞❡t❡r♠✐♥❛❞❛ ✈❛r✐á✈❡❧✳ ❆♥t❡r✐✲
♦r♠❡♥t❡✱ ♥❛ ❙❡çã♦ ✶✳✶✳✷✱ ✈✐♠♦s ✉♠ ♣♦✉❝♦ s♦❜r❡ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦✱ ♥♦ ❡♥t❛♥t♦✱ ❛
s❡❣✉✐r✱ ✐r❡♠♦s ❞❡✜♥✐✲❧❛ ❢♦r♠❛❧♠❡♥t❡✳
❉❡✜♥✐çã♦ ✶✳✺ ❆ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ X✱ ❞❡♥♦t❛❞❛ ♣♦r
FX(x)✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ F (x)✱ é ❞❡✜♥✐❞❛ ♣♦r
FX(x) = P (X ≤ x), x ∈ R.
❯♠❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ é ♠✉♥✐❞❛ ❞❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿
✭✐✮ F é ♥ã♦ ❞❡❝r❡s❝❡♥t❡✱ ♦✉ s❡❥❛✱ x1 ≤ x2 ⇒ F (x1) ≤ F (x2)✳
✭✐✐✮ F é ❝♦♥tí♥✉❛ à ❞✐r❡✐t❛✱ ✐st♦ é✱ xn ↓ x⇒ F (xn) ↓ F (x)✳
✭✐✐✐✮ lim
x→−∞
F (x) = 0 ❡ lim
x→+∞
F (x) = 1✳
❆s ❞❡♠♦♥str❛çõ❡s ❞❛ ♣r♦♣r✐❡❞❛❞❡s ❛❝✐♠❛ ♣♦❞❡♠ s❡r ✈✐st❛s ❡♠ ✭❏❛♠❡s✱ ✷✵✶✺✱
P❛❣✳ ✹✶✮✳
❉❡✜♥✐çã♦ ✶✳✻ ❙❡❥❛ X1, X2, ..., Xn ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ❞❡ t❛♠❛♥❤♦ n ❞❡ ✉♠❛ ✈❛r✐á✲
✈❡❧ ❛❧❡❛tór✐❛ ❝♦♠ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ F (x) ❝♦♥tí♥✉❛✳ ❆ss✐♠✱ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦
❡♠♣ír✐❝❛ ✭❢❞❡✮ ❞♦s Xi✬s é ❞❛❞❛ ♣♦r
Fn(x) =
♥ú♠❡r♦ ❞❡ ♦❜s❡r✈❛çõ❡s ≤ x
n
=
1
n
n∑
i=1
I(Xi≤x), −∞ < x <∞,
❡♠ q✉❡✱
I(Xi≤x) =
{
1, s❡ Xi ≤ x;
0, s❡ Xi > x.
✷✶
❆❣♦r❛✱ s✉♣♦♥❤❛ X(1), X(2), ..., X(n) ❝♦♠♦ s❡♥❞♦ ❛s ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠ ❞♦s Xi✬s
❛s q✉❛✐s s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ X(1) < X(2) < · · · < X(n)✳ ❉❡st❡ ♠♦❞♦✱ ❡s❝r❡✈❡♥❞♦ ❛
❢❞❡ ❡♠ ❢✉♥çã♦ ❞❛s ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠ X(i)✬s✱ t❡♠♦s q✉❡
Fn(x) =


0, x < X(1);
i
n
, X(i) ≤ x < X(i+1), i = 1, ..., n− 1;
1, X(n) ≤ x.
✭✶✳✺✮
❖❜s❡r✈❡ q✉❡ ❛ ❊①♣r❡ssã♦ ✭✶✳✺✮ é ✉♠❛ ❢✉♥çã♦ ❞❡❣r❛✉✱ ❝❛❧❝✉❧❛❞❛ ❛ ♣❛rt✐r ❞♦s ❞❛✲
❞♦s ❛♠♦str❛✐s✳ ◆❡ss❛s ❝♦♥❞✐çõ❡s✱ q✉❛♥❞♦ x ❛✉♠❡♥t❛✱ ❛ ❢✉♥çã♦ Fn(x) ❞á ✉♠ s❛❧t♦ ❞❡
♠❛❣♥✐t✉❞❡ 1/n à ♠❡❞✐❞❛ q✉❡ ❝❛❞❛ ♦❜s❡r✈❛çã♦ ❞❛ ❛♠♦str❛ é ❛t✐♥❣✐❞❛✳ P❛r❛ q✉❛❧q✉❡r x✱
Fn(x) r❡❣✐str❛ ❛ ♣r♦♣♦rçã♦ ❞❡ ♦❜s❡r✈❛çõ❡s ♠❡♥♦r❡s ♦✉ ✐❣✉❛✐s ❛ x✱ ❡♥q✉❛♥t♦ q✉❡ F (x)
❢♦r♥❡❝❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ♦❜s❡r✈❛çã♦ s❡r ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ x✳
❚❡♦r❡♠❛ ✶✳✶ ❙❡❥❛ a ∈ R ✜①❛❞♦✳ ❊♥tã♦✱ Fn(a) é ✉♠ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ❞❡ F (a)✳
❉❡♠♦♥str❛çã♦✿ ✈❡r ✭❚s✉②✉❣✉❝❤✐✱ ♥✳❞✳✱ P❛❣✳ ✸✺✮✳
✭❚s✉②✉❣✉❝❤✐✱ ♥✳❞✳✮ ❛♣r❡s❡♥t❛ ✉♠❛ ❝♦♥s✐stê♥❝✐❛ ❞❡ ♠♦❞♦ ♠❛✐s ❣❡r❛❧ ❞♦ q✉❡ ❛ ❛♣r❡✲
s❡♥t❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✶✳✶✱ ❡♠ q✉❡ s❡ ❝♦♥s✐❞❡r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡ x ♣❡rt❡♥❝❡♥t❡ ❛♦ ❞♦✲
♠í♥✐♦ ❞❛ ❢✉♥çã♦ F ✱ ❞❡ ♠♦❞♦ q✉❡
lim
n→∞
sup
x
|Fn(x)− F (x)| D−→ 0.
❯♠❛ ❡st❛tíst✐❝❛ q✉❡ ♠❡❞❡ ❛ ❞✐s❝r❡♣â♥❝✐❛ ❡♥tr❡ Fn(x) ❡ F (x) é ❝❤❛♠❛❞❛ ❞❡ ❡st❛✲
tíst✐❝❛ ❞❡ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛✳ ❚❛✐s ❡st❛tíst✐❝❛s sã♦ ❜❛s❡❛❞❛s ♥❛s ❞✐❢❡r❡♥ç❛s
✈❡rt✐❝❛✐s ❡♥tr❡ Fn(x) ❡ F (x)✱ ❡ é ❝♦♥✈❡♥✐❡♥t❡ ❞✐✈✐❞✐✲❧❛s ❡♠ ❞✉❛s ❝❧❛ss❡s✿ ❛ ❝❧❛ss❡ s✉♣r❡♠♦
❡ ❛ ❝❧❛ss❡ q✉❛❞rát✐❝❛✳
❊st❛tíst✐❝❛s ❙✉♣r❡♠♦
❆s ❞✉❛s ♣r✐♠❡✐r❛s ❡st❛tíst✐❝❛s ❞❡ ❢❞❡ q✉❡ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s sã♦D+ ❡D−✱ ❛s q✉❛✐s
❝♦♥s✐st❡♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥❛s ♠❛✐♦r❡s ❞✐❢❡r❡♥ç❛s ✈❡rt✐❝❛✐s q✉❛♥❞♦ Fn(x) é ♠❛✐♦r q✉❡
F (x) ❡ q✉❛♥❞♦ Fn(x) é ♠❡♥♦r q✉❡ F (x)✳ ❋♦r♠❛❧♠❡♥t❡✱ t❡♠✲s❡ q✉❡
D+ = sup
x
{Fn(x)− F (x)}
✷✷
❡
D− = sup
x
{F (x)− Fn(x)}.
❆ ❡st❛tíst✐❝❛ ❞❡ ❢❞❡ ♠❛✐s ❝♦♥❤❡❝✐❞❛ é ❛ ❡st❛tíst✐❝❛ D ❞❡ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈✱ ❛
q✉❛❧ é ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿
D = sup
x
|Fn(x)− F (x)| = max(D+, D−). ✭✶✳✻✮
❯♠❛ ❡st❛tíst✐❝❛ r❡❧❛❝✐♦♥❛❞❛ à ♠♦str❛❞❛ ❡♠ ✭✶✳✻✮✱ ✐♥tr♦❞✉③✐❞❛ ♣♦r ✭❑✉✐♣❡r✱ ✶✾✻✵✮✱
é ❛ ❡st❛tíst✐❝❛ V ✱ ❞❡✜♥✐❞❛ ❝♦♠♦✿
V = D+ +D−.
❊st❛tíst✐❝❛s ◗✉❛❞rát✐❝❛s
❯♠❛ ❛♠♣❧❛ ❝❧❛ss❡ ❞❡ ♠❡❞✐❞❛s ❞❡ ❞✐s❝r❡♣â♥❝✐❛ é ❞❛❞❛ ♣❡❧❛ ❢❛♠í❧✐❛ ❈r❛♠ér✲✈♦♥
▼✐s❡s✱ ❡♠ q✉❡ t❡♠♦s
Q = n
∫ ∞
−∞
{Fn(x)− F (x)}2ψ(x)dF (x), ✭✶✳✼✮
❡♠ q✉❡ ψ(x) é ✉♠❛ ❢✉♥çã♦ ❛❞❡q✉❛❞❛ q✉❡ ❞á ♣❡s♦s ❛♦ q✉❛❞r❛❞♦ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❛❞♦ ♣♦r
{Fn(x)− F (x)}2✳
◗✉❛♥❞♦ ψ(x) = 1✱ t❡♠✲s❡ q✉❡ ❛ ❊①♣r❡ssã♦ ✭✶✳✼✮ é ❝❤❛♠❛❞❛ ❞❡ ❡st❛tíst✐❝❛ ❞❡
❈r❛♠ér✲✈♦♥ ▼✐s❡s✱ ❡ é ❞❡♥♦t❛❞❛ ♣♦r W 2✳ ❖✉ s❡❥❛✱
W 2 = n
∫ ∞
−∞
{Fn(x)− F (x)}2dF (x).
◗✉❛♥❞♦ ψ(x) = [{F (x)}{1−F (x)}]−1✱ ❛ ❊①♣r❡ssã♦ ✭✶✳✼✮ é ❝❤❛♠❛❞❛ ❞❡ ❡st❛tíst✐❝❛
❞❡ ❆♥❞❡rs♦♥✲❉❛r❧✐♥❣✱ ❡ é ❞❡♥♦t❛❞❛ ♣♦r A2✳ ▲♦❣♦✱
A2 = n
∫ ∞
−∞
{Fn(x)− F (x)}2
F (x){1− F (x)} dF (x).
❆ ♣❛rt✐r ❞❛s ❡st❛tíst✐❝❛s s✉♣r❡♠♦ ❡ q✉❛❞rát✐❝❛s ❛♣r❡s❡♥t❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦✲
❞❡♠♦s ❡♥❝♦♥tr❛r ❛❧❣✉♠❛s ❢ór♠✉❧❛s q✉❡ ❢❛❝✐❧✐t❛rã♦ ♥♦ss♦s ❝á❧❝✉❧♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♠❛✐s
à ❢r❡♥t❡✳ ■ss♦ é ❢❡✐t♦ ✉s❛♥❞♦ ❛ tr❛♥s❢♦r♠❛çã♦ ✐♥t❡❣r❛❧ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳
❚❡♦r❡♠❛ ✶✳✷ ✭❚r❛♥s❢♦r♠❛çã♦ ■♥t❡❣r❛❧ ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡✮ ❙❡❥❛ X ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tó✲
r✐❛ ❝♦♥tí♥✉❛ ❝♦♠ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ F ✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛
Z = F (X),
✷✸
t❡♠♦s q✉❡ Z ∼ U(0; 1)✳
❉❡♠♦♥str❛çã♦✿ ✈❡r ✭▼❛❣❛❧❤ã❡s✱ ✷✵✵✻✱ ♣✳ ✶✺✶✮✳
❆ ♣❛rt✐r ❞♦ ❚❡♦r❡♠❛ ✶✳✷✱ ♦❜s❡r✈❛✲s❡ q✉❡ Z t❡♠ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❛❞❛ ♣♦r
F ∗(z) = z, 0 ≤ z ≤ 1✳
❆❣♦r❛✱ s✉♣♦♥❤❛ ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ X1, ..., Xn ❡ ❝♦♥s✐❞❡r❡ ❛ tr❛♥s❢♦r♠❛çã♦
Zi = F (Xi), i = 1, 2, ..., n✳ ❖❜s❡r✈❡ q✉❡ Zi, i = 1, 2, ..., n✱ ❝♦♥st✐t✉✐ ✉♠❛ ❛♠♦str❛
❛❧❡❛tór✐❛ ❛ ♣❛rt✐r ❞♦s ✈❛❧♦r❡s Xi✳ ❙❡♥❞♦ F ∗n(z) ❛ ❢❞❡ ❞♦s ✈❛❧♦r❡s Zi✱ ❞❡ ❛❝♦r❞♦ ❝♦♠
✭❉✬❆❣♦st✐♥♦ ✫ ❙t❡♣❤❡♥s✱ ✶✾✽✻✮✱ t❡♠♦s q✉❡ ❛s ❡st❛tíst✐❝❛s ❞❡ ❢❞❡ r❡❧❛t✐✈❛s ❛♦s Xi✬s
♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❝♦♠♣❛r❛♥❞♦ ❛ ❢❞❡✱ F ∗n(z)✱ ❝♦♠ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ t❡ór✐❝❛ ❞❡
Z✱ ♣♦✐s ♦s ✈❛❧♦r❡s z ❡ x sã♦ r❡❧❛❝✐♦♥❛❞♦s ❞❛ ❢♦r♠❛ z = F (x)✱ ✐♠♣❧✐❝❛♥❞♦ ♥❛s s❡❣✉✐♥t❡s
✐❣✉❛❧❞❛❞❡s✿
Fn(x)− F (x) = F ∗n(z)− F ∗(z) = F ∗n(z)− z,
❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛s ❡st❛tíst✐❝❛s ❞❡ ❢❞❡ ❝❛❧❝✉❧❛❞❛s ❛ ♣❛rt✐r ❞❛ ❢❞❡ ❞♦s Zi✬s✱ ❝♦♠♣❛r❛❞❛
❝♦♠ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞♦ ♠♦❞❡❧♦ ✉♥✐❢♦r♠❡ ❞❡✜♥✐❞♦ ♥♦ ✐♥t❡r✈❛❧♦ ❬✵❀✶❪✱ t❡rã♦ ♦s
♠❡s♠♦s ✈❛❧♦r❡s ❝♦♠♦ s❡ t❛✐s ❡st❛tíst✐❝❛s ❢♦ss❡♠ ❝❛❧❝✉❧❛❞❛s ❛ ♣❛rt✐r ❞❛ ❢❞❡ ❞♦s Xi✬s✱
❝♦♠♣❛r❛❞❛ ❝♦♠ F (x)✳
❱✐s❛♥❞♦ ❛ ❢❛❝✐❧✐t❛çã♦ ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦s ❝á❧❝✉❧♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s q✉❡ s❡rã♦
❢❡✐t♦s ♠❛✐s ❛❞✐❛♥t❡✱ ❡st✉❞❛♠♦s ♥♦✈❛s ❢♦r♠❛s ♣❛r❛ ❛s ❡st❛tíst✐❝❛s s✉♣r❡♠♦ ❡ q✉❛❞rá✲
t✐❝❛s✳ ❆ss✐♠✱ s❡❥❛♠ Z(0), Z(1), Z(2), ..., Z(n), Z(n+1) ❛s ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠ ❞♦s ✈❛❧♦r❡s
♦❜s❡r✈❛❞♦s ❞❡ Z✱ ❞❡ ♠♦❞♦ q✉❡ 0 = Z(0) < Z(1) < · · · < Z(n) < Z(n+1) = 1✳ ❉❛í✱ t❡♠♦s
q✉❡
D+ = max
i
{
i
n
− Z(i)
}
; D− = max
i
{
Z(i) − (i− 1)
n
}
. ✭✶✳✽✮
W 2 =
∑
i
{
Z(i) − (2i− 1)
2n
}2
+
1
12n
. ✭✶✳✾✮
A2 = −n− 1
n
∑
i
{
(2i− 1) log[Z(i)] + (2n+ 1− 2i) log[1− Z(i)]
}
. ✭✶✳✶✵✮
❆s ❞❡♠♦♥str❛çõ❡s ❞❡ ✭✶✳✽✮✱ ✭✶✳✾✮ ❡ ✭✶✳✶✵✮ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ✭❚s✉②✉❣✉❝❤✐✱
♥✳❞✳✱ ♣✳ ✼✸✮✳
✷✹
✶✳✷✳✷ ❚❡st❡ ❞❡ ❇♦♥❞❛❞❡ ❞❡ ❆❥✉st❡ ❆♣r♦①✐♠❛❞♦
◆❛ ♣rát✐❝❛✱ ❞✐❢❡r❡♥t❡s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ sã♦ ✉s❛❞❛s ♣❛r❛ ❛ ❞❡s❝r✐çã♦
❞❡ ❢❡♥ô♠❡♥♦s✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ ❞✐str✐❜✉✐çã♦✱ ✉♠❛ ♥♦✈❛ t❛❜❡❧❛ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s
♣r❡❝✐s❛ s❡r ❝r✐❛❞❛✳ ❚❡♥❞♦ ❡♠ ✈✐st❛ ❛ ♦❜s❡r✈â♥❝✐❛ ❞❡ss❡ ❢❛t♦✱ ✭❈❤❡♥ ✫ ❇❛❧❛❦r✐s❤♥❛♥✱
✶✾✾✺✮ ♣r♦♣✉s❡r❛♠ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❛♣r♦①✐♠❛❞♦ q✉❡ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ t❡st❛r
❛ ❛❞❡q✉❛çã♦ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s ❛ ❞✐st✐♥t❛s ❢❛♠í❧✐❛s ❞❡ ❞✐str✐❜✉✐çõ❡s✱ ❡♠ q✉❡ t❛❧
♣r♦❝❡❞✐♠❡♥t♦ ♣♦ss✉✐ ❛ ✈❛♥t❛❣❡♠ ❞❡ s❡r ♠❛✐s ♣rát✐❝♦✳
❖ ♠ét♦❞♦✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ tr❛♥s❢♦r♠❛ ♦s ❞❛❞♦s ♦r✐❣✐♥❛✐s ❡♠ ❞❛❞♦s ♥♦r♠❛❧♠❡♥t❡
❞✐str✐❜✉í❞♦s✳ ❊♠ s❡❣✉✐❞❛✱ ❛♣❧✐❝❛ ♦s t❡st❡s ❝❧áss✐❝♦s ♣❛r❛ ❛ ♥♦r♠❛❧✐❞❛❞❡ ❜❛s❡❛❞♦s ♥❛
❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ♠❡s♠♦✳ ❖ ♣r♦✲
❝❡❞✐♠❡♥t♦ ❡♠♣r❡❣❛❞♦ é ❢✉♥❞❛♠❡♥t❛❞♦ ♥❛ ❧✐❣❛çã♦ ❡♥tr❡ ❛ ❤✐♣ót❡s❡ ❝♦♠♣♦st❛ H0 ❡ ♦
♣r♦❜❧❡♠❛ ❞❡ t❡st❛r ❛ ♥♦r♠❛❧✐❞❛❞❡ q✉❛♥❞♦ ❛ ♠é❞✐❛ ❡ ❛ ✈❛r✐â♥❝✐❛ sã♦ ❞❡s❝♦♥❤❡❝✐❞♦s✳
✭▼❡✐♥t❛♥✐s✱ ✷✵✶✵✮✱ t❡♥❞♦ ❡♠ ✈✐st❛ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣r♦♣♦st♦ ♣♦r ✭❈❤❡♥ ✫ ❇❛❧❛✲
❦r✐s❤♥❛♥✱ ✶✾✾✺✮✱ ♦r❞❡♥♦✉ ♦s s❡❣✉✐♥t❡s ♣❛ss♦s ♣❛r❛ t❡st❛r ❛ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ❝♦♥s✐✲
❞❡r❛♥❞♦ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♣❛râ♠❡tr♦ θ✱ ❝♦♠ ❜❛s❡ ♥✉♠❛ ❛♠♦str❛
❛❧❡❛tór✐❛✱ X1, ..., Xn✱ ❛ q✉❛❧ é s✉♣♦st❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ s♦❜ ❤✐♣ót❡s❡✿
✭✐✮ ❊st✐♠❛r θ ♣♦r θˆ ❞❡ ♠♦❞♦ ❡✜❝✐❡♥t❡✳
✭✐✐✮ ❈❛❧❝✉❧❛r Uˆi = F (X(i); θˆ)✱ ❡♠ q✉❡ X(i), i = 1, 2, ..., n sã♦ ❛s ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠
❞♦s Xi✬s✳
✭✐✐✐✮ ❈❛❧❝✉❧❛r Yi = Φ−1(Uˆi)✱ ♦♥❞❡ Φ é ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❛❝✉♠✉❧❛❞❛ ❞❛ ❞✐str✐✲
❜✉✐çã♦ ◆♦r♠❛❧ ♣❛❞rã♦ ❡ Φ−1 é ❛ s✉❛ ✐♥✈❡rs❛✳
✭✐✈✮ ❈❛❧❝✉❧❛r ✭✶✳✾✮ ❡ ✭✶✳✶✵✮✱ ❞❡ ♠♦❞♦ q✉❡ Zi = Φ(Z∗i )✱ j = 1, 2, ..., n✱ ♦♥❞❡
Z∗i =
Yi − Y
Sy
,
❡♠ q✉❡
Y =
1
n
n∑
i=1
Yi ❡ S
2
Y =
1
n− 1
n∑
i=1
(Yi − Y )2.
✭▼❡✐♥t❛♥✐s✱ ✷✵✶✵✮ t❛♠❜é♠ ❞❡s❝r❡✈❡ ♦ ♣r♦❝❡ss♦ ❛❝✐♠❛ r❡❧❛t❛♥❞♦ q✉❡ ♦ ♣❛ss♦ ✭✐✮
❝♦♥s✐st❡ ♥❛ ❡st✐♠❛çã♦ ❞❡ ♠♦❞♦ ❡✜❝✐❡♥t❡✳ ◆♦ ♣❛ss♦ ✭✐✐✮ ❛♣❧✐❝❛✲s❡ ❛ tr❛♥s❢♦r♠❛çã♦ ✐♥t❡❣r❛❧
❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❞❡ ♠♦❞♦ q✉❡ ❛s ✈❛r✐á✈❡✐s ♣❛ss❛♠ ❛ s❡r ✉♥✐❢♦r♠❡s✳ ❖ ♣❛ss♦ ✭✐✐✐✮ t♦r♥❛
✷✺
❛s ✈❛r✐á✈❡✐s Yi, i = 1, 2, ..., n ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♥♦r♠❛✐s✳ P♦r ✜♠✱ ♦ ♣❛ss♦ ✭✐✈✮ ♥♦s tr❛③
♦s t❡st❡s ❝❧áss✐❝♦s ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ✐♥❝♦r♣♦r❛♥❞♦ ❛s ♦❜s❡r✈❛çõ❡s ♣❛❞r♦♥✐③❛❞❛s✱ Z∗i ✱ ❡ ❛
❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❛❝✉♠✉❧❛❞❛ ❞❛ ◆♦r♠❛❧ ♣❛❞rã♦✱ Φ✳
❈❛♣ít✉❧♦ ✷
❉✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs
◆❡st❡ ❝❛♣ít✉❧♦✱ ✐r❡♠♦s ❢❛③❡r ✉♠❛ ❛❜♦r❞❛❣❡♠ s♦❜r❡ ❛ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲
❙❛✉♥❞❡rs✱ ❛❜♦r❞❛❣❡♠ ❡ss❛ q✉❡ ❡♥❣❧♦❜❛ ❛ ♦r✐❣❡♠ ❞♦ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦ ❜❡♠ ❝♦♠♦
s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳
✷✳✶ ❖r✐❣❡♠ ❡ Pr♦♣r✐❡❞❛❞❡s
◗✉❛♥❞♦ ✉♠ ♠❛t❡r✐❛❧ é ✉s❛❞♦ ❝♦♥st❛♥t❡♠❡♥t❡ ❡✴♦✉ é ❡①♣♦st♦ ❛ s✐t✉❛çõ❡s ❞❡ ❡s✲
tr❡ss❡ ❡ t❡♥sã♦ ♥❛t✉r❛❧♠❡♥t❡ ♦ ♠❡s♠♦ ❞❡✈❡rá s♦❢r❡r ❞❛♥♦s ❡♠ s✉❛ ❡str✉t✉r❛ ❡✱ ❛ ❡ss❡s
❞❛♥♦s✱ ❞❛♠♦s ♦ ♥♦♠❡ ❞❡ ❢❛❞✐❣❛✳ P♦r ♠❡✐♦ ❞❛ ❛♥á❧✐s❡ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ♣♦❞❡✲s❡ ❛✈❛❧✐❛r
❛ ❞✉r❛❜✐❧✐❞❛❞❡✱ q✉❛❧✐❞❛❞❡ ❡ ♦✉tr❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ✉♠ ❝❡rt♦ ♠❛t❡r✐❛❧ ❡①♣♦st♦ ❛ s✐✲
t✉❛çõ❡s q✉❡ ♣r♦♣♦r❝✐♦♥❛♠ ❢❛❞✐❣❛✳ ❊ss❛ ❛✈❛❧✐❛çã♦ é ❢❡✐t❛ ♣♦r ♠❡✐♦ ❞❛ ♠♦❞❡❧❛❣❡♠ ❞♦
♣r♦❝❡ss♦ ❞❡ ❢❛❞✐❣❛✱ ♥♦ ✐♥t✉✐t♦ ❞❡ ❞❡s❝r❡✈❡r ❛ ✈❛r✐❛çã♦ ❛❧❡❛tór✐❛ ❞♦s t❡♠♣♦s ❞❡ ❢❛❧❤❛
❛ss♦❝✐❛❞♦s ❛ ❡ss❡ ♠❛t❡r✐❛❧✳ ◆❡ss❛ ✈❡rt❡♥t❡✱ ✈ár✐❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣♦❞❡♠
s❡r ✉t✐❧✐③❛❞❛s✱ ❡♥tr❡ ❡❧❛s✱ ❛ ❣❛♠❛✱ ❲❡✐❜✉❧❧ ❡ ❧♦❣✲♥♦r♠❛❧✱ ❛s q✉❛✐s ❛♣r❡s❡♥t❛♠ ✉♠ ❜♦♠
❛❥✉st❡ ♥❛ r❡❣✐ã♦ ❝❡♥tr❛❧ ❞❛ ❞✐str✐❜✉✐çã♦✳ ❊♥tr❡t❛♥t♦✱ ❡ss❡s ♠♦❞❡❧♦s ♣r♦❜❛❜✐❧íst✐❝♦s ♥ã♦
s❡ ❛❞❡q✉❛♠ ♠✉✐t♦ ❜❡♠ ❛♦s ♣❡r❝❡♥t✐s ♠❛✐s ❡①tr❡♠♦s ❞❛ ❞✐str✐❜✉✐çã♦✳ ❊♠ ❣❡r❛❧✱ ❡st❛♠♦s
✐♥t❡r❡ss❛❞♦s ♥♦s ♣❡r❝❡♥t✐s ♠❛✐s ❜❛✐①♦s ❡ ♠❛✐s ❛❧t♦s✱ ❥á q✉❡✱ ❝♦♠✉♠❡♥t❡✱ ❡ss❛s r❡❣✐õ❡s
♣♦ss✉❡♠ ♣♦✉❝♦s ❞❛❞♦s✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ♦ ❛❥✉st❡ ❞♦s ♠♦❞❡❧♦s ♠❡♥❝✐♦♥❛❞♦s✱ ❡♠ ❛❧❣✉♥s
❝❛s♦s✱ ♥ã♦ s❡❥❛ ❜♦♠✳ ✭❇✐r♥❜❛✉♠ ✫ ❙❛✉♥❞❡rs✱ ✶✾✻✾❛✮ ✉t✐❧✐③❛r❛♠ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ s♦❜r❡
✉♠ t✐♣♦ ❡s♣❡❝í✜❝♦ ❞❡ ♣r♦❝❡ss♦ ❞❡ ❢❛❞✐❣❛ ❡ ♣r♦♣✉s❡r❛♠ ✉♠❛ ♥♦✈❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛✲
❜✐❧✐❞❛❞❡ ❞❡♥♦♠✐♥❛❞❛ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✱ ❛ q✉❛❧ ❛♣r❡s❡♥t♦✉✲s❡ ❝♦♠♦ ✉♠❛
✷✼
❡①❝❡❧❡♥t❡ ❛❧t❡r♥❛t✐✈❛ q✉❛♥❞♦ t❡♠♦s ✐♥t❡r❡ss❡ ❡♠ ❛♥❛❧✐s❛r ❛ q✉❛❧✐❞❛❞❡ ❞♦ ❛❥✉st❡ ❞❡ ✉♠
♠♦❞❡❧♦ ♥♦s ♣❡r❝❡♥t✐s ♠❛✐s ❜❛✐①♦s ❡ ♠❛✐s ❛❧t♦s ❞❛ ❞✐str✐❜✉✐çã♦✳
P❛r❛ ❛ ❝r✐❛çã♦ ❞♦ ♠♦❞❡❧♦ ❇✐r❜❛✉♠✲❙❛✉♥❞❡rs✱ ✭❇✐r♥❜❛✉♠ ✫ ❙❛✉♥❞❡rs✱ ✶✾✻✾❛✮
✜③❡r❛♠ ❛s s❡❣✉✐♥t❡s s✉♣♦s✐çõ❡s s♦❜r❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❢❛❞✐❣❛✿
• ❯♠ ♠❛t❡r✐❛❧ é s✉❜♠❡t✐❞♦ ❛ ♦s❝✐❧❛çõ❡s ❞❡ ❝❛r❣❛s ♣❡r✐ó❞✐❝❛s ✭❝í❝❧✐❝❛s✮ ❞❡ ❡str❡ss❡
❡ t❡♥sã♦❀
• ❆ s❡q✉ê♥❝✐❛ ❞❡ ❡str❡ss❡ ❡ t❡♥sã♦ ✐♠♣♦st❛ ❛♦ ♠❛t❡r✐❛❧ é ❛ ♠❡s♠❛ ❡♠ ❝❛❞❛ ❝✐❝❧♦❀
• ❆ ❢❛❧❤❛ ♣♦r ❢❛❞✐❣❛ ♦❝♦rr❡ ❞❡✈✐❞♦ ❛♦ ✐♥í❝✐♦✱ ❝r❡s❝✐♠❡♥t♦ ❡ ❡①t❡♥sã♦ ✜♥❛❧ ❞❡ ✉♠❛ ✜s✲
s✉r❛ ❞♦♠✐♥❛♥t❡ ❞❡♥tr♦ ❞♦ ♠❛t❡r✐❛❧✱ ✜ss✉r❛ ❡ss❛ ❝r✐❛❞❛ ♣❡❧❛s ❝♦♥❞✐çõ❡s ❞❡ ❡str❡ss❡
❡ t❡♥sã♦✳ P♦rt❛♥t♦✱ ❛ ❢❛❧❤❛ ♦❝♦rr❡ q✉❛♥❞♦ ❛ ❡①t❡♥sã♦ ✜♥❛❧ ❞❛ ✜ss✉r❛ ✉❧tr❛♣❛ss❛
✉♠ ❝❡rt♦ ♥í✈❡❧ ❞❡ r❡s✐stê♥❝✐❛ w❀
• ❆ ❡①t❡♥sã♦ ✐♥❝r❡♠❡♥t❛❧ ❞❛ ✜ss✉r❛ Xi✱ r❡s✉❧t❛♥t❡ ❞❛ ❛♣❧✐❝❛çã♦ ❞❛ i✲és✐♠❛ ♦s❝✐❧❛çã♦
❞❡ ❝❛r❣❛✱ é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❝♦♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ q✉❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛
❡①t❡♥sã♦ ❞❛ ✜ss✉r❛ ❛t✉❛❧ ❝❛✉s❛❞❛ ♣❡❧❛ t❡♥sã♦ ♥❡st❡ ❝✐❝❧♦❀
• ❆ ❡①t❡♥sã♦ ❞❛ ✜ss✉r❛ ❞✉r❛♥t❡ ♦ (j + 1)✲és✐♠♦ ❝✐❝❧♦ é
Yj+1 = Xjm+1 + · · ·+Xjm+m, j = 0, 1, 2, ... ,
❡♠ q✉❡ Xjm+i é ❛ ❡①t❡♥sã♦ ❞❛ ✜ss✉r❛ ✭♣♦ss✐✈❡❧♠❡♥t❡ ♠✐❝r♦s❝ó♣✐❝❛✮ ❛♣ós ❛ i✲és✐♠❛
♦s❝✐❧❛çã♦ ❞❡ ❝❛r❣❛ ❞♦ (j + 1)✲és✐♠♦ ❝✐❝❧♦❀
❖❜s❡r✈❛çã♦ ✷✳✶ P♦r ♠❛✐s q✉❡ ❡①✐st❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡♥tr❡ ❛ ❡①t❡♥sã♦ ❛❧❡❛tór✐❛
s✉❝❡ss✐✈❛ ♣♦r ♦s❝✐❧❛çã♦ ❞❡ ❝❛r❣❛s ❡♠ ❝❛❞❛ ❝✐❝❧♦✱ ❛s ❡①t❡♥sõ❡s ❞❛ ✜ss✉r❛ ❡♠ ❝✐❝❧♦s
❞✐st✐♥t♦s sã♦ s✉♣♦st❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳
• ❆ ❡①t❡♥sã♦ t♦t❛❧ ❞❛ ✜ss✉r❛ Yj✱ ❞❡✈✐❞❛ ❛♦ j✲és✐♠♦ ❝✐❝❧♦✱ é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛
q✉❡ s❡❣✉❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♠é❞✐❛ µ ❡ ✈❛r✐â♥❝✐❛ σ2✱ ∀ j = 1, 2, ... ✳
❉❡st❡ ♠♦❞♦✱ ❛ ❡①t❡♥sã♦ t♦t❛❧ ❞❛ ✜ss✉r❛ ❛♣ós n ❝✐❝❧♦s é ❞❛❞❛ ♣❡❧❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛
Wn =
n∑
j=1
Yj,
✷✽
❝♦♠ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❛❝✉♠✉❧❛❞❛ ❞❛❞❛ ♣♦r
Hn(w) = P (Wn ≤ w), ∀n = 1, 2, ... .
❈♦♥s✐❞❡r❡♠♦s C ❝♦♠♦ s❡♥❞♦ ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ q✉❡ ❞❡♥♦t❛ ♦ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s
r❡q✉❡r✐❞♦s ❛té ❛ ♦❜s❡r✈â♥❝✐❛ ❞❛ ❢❛❧❤❛✳ ❆ss✐♠✱ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❛❝✉♠✉❧❛❞❛ ❞❡
C é
P (C ≤ n) = P
(
n∑
j=1
Yj > w
)
= P (Wn > w) = 1−Hn(w).
❖❜s❡r✈❡♠♦s q✉❡
P (C ≤ n) = P
(
n∑
j=1
Yj − µ
σ
√
n
>
w − nµ
σ
√
n
)
= 1− P
(
n∑
j=1
Yj − µ
σ
√
n
≤ w − nµ
σ
√
n
)
.
P❡❧♦ ❢❛t♦ ❞❡ ❡st❛r♠♦s ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦s Yj✬s sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❝♦♠ ♦ ❛❝rés❝✐♠♦
❞❛ s✉♣♦s✐çã♦ ❞❡ q✉❡ ♦s ♠❡s♠♦s sã♦ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞♦s✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛
❈❡♥tr❛❧ ❞♦ ▲✐♠✐t❡ q✉❡
P (C ≤ n) ∼= 1− Φ
(
w − nµ
σ
√
n
)
= 1− Φ
(
−(nµ− w)
σ
√
n
)
= Φ
(
nµ− w
σ
√
n
)
= Φ
(
µ
√
n
σ
− w
σ
√
n
)
, ✭✷✳✶✮
❡♠ q✉❡ Φ(·) r❡♣r❡s❡♥t❛ ❛ ❢❞❛ ❞❛ ❞✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ♣❛❞rã♦✳
❯t✐❧✐③❛♥❞♦ ❛ ❊q✉❛çã♦ ✭✷✳✶✮✱ ✭❇✐r♥❜❛✉♠ ✫ ❙❛✉♥❞❡rs✱ ✶✾✻✾❛✮ ❞❡✜♥✐r❛♠ ✉♠ ♥♦✈♦
♠♦❞❡❧♦ ❝♦♥tí♥✉♦ ❞❡ ✈✐❞❛✳ ❙❡❣✉♥❞♦ ♦s ❛✉t♦r❡s✱ ❛♦ s✉❜st✐t✉✐r♠♦s n ♣♦r ✉♠❛ ✈❛r✐á✈❡❧
r❡❛❧ ♥ã♦✲♥❡❣❛t✐✈❛ t✱ ❡♥tã♦ ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ T é ❛ ❡①t❡♥sã♦ ❝♦♥tí♥✉❛ ❞❛ ✈❛r✐á✈❡❧
❛❧❡❛tór✐❛ ❞✐s❝r❡t❛ C✳ ❉❡ss❛ ❢♦r♠❛✱ T r❡♣r❡s❡♥t❛ ♦ t❡♠♣♦ t♦t❛❧ ❛té q✉❡ ♦❝♦rr❛ ❛ ❢❛❧❤❛✳
❈♦♥s✐❞❡r❛♥❞♦ ❛ s❡❣✉✐♥t❡ r❡♣❛r❛♠❡tr✐③❛çã♦
α =
σ√
µw
> 0 ❡ β =
w
µ
> 0,
❛ ❢❞❛ ❞❡ T s❡rá ❞❛❞❛ ♣♦r
F (t;α, β) = Φ
[
1
α
(√
t
β
−
√
β
t
)]
, t > 0. ✭✷✳✷✮
✷✾
❉✐③❡♠♦s✱ ❡♥tã♦✱ q✉❡ T s❡❣✉❡ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ❝♦♠ ♣❛râ♠❡tr♦s α
❡ β✱ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r T ∼ ❇❙(α, β)✱ ❡♠ q✉❡ α é ♦ ♣❛râ♠❡tr♦ ❞❡ ❢♦r♠❛ ❡ β ♦
♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛ ❞❛ ❞✐str✐❜✉✐çã♦✳
❉❡ ❛❝♦r❞♦ ❝♦♠ ✭▲❡✐✈❛✱ ✷✵✶✺✱ ♣✳ ✾✮✱ s❡ T ∼ ❇❙(α, β)✱ ❡♥tã♦ ♣♦❞❡♠♦s ❡st❛❜❡❧❡❝❡r
❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿
T =
β(αZ +
√
α2Z2 + 4)2
4
, ✭✷✳✸✮
❡♠ q✉❡ Z ∼ N(0; 1)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱
Z =
1
α
(√
T
β
−
√
β
T
)
∼ N(0; 1).
❆ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✭❢❞♣✮ ❞❡ T é ❡①♣r❡ss❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿
f(t;α, β) =
d
dt
F (t;α, β)
= φ
[
1
α
(√
t
β
−
√
β
t
)]
d
dt
[
1
α
(√
t
β
−
√
β
t
)]
=
1√
2π
exp
{
− 1
2α2
(
t
β
+
β
t
− 2
)}
t−3/2(t+ β)
2α
√
β
, ✭✷✳✹✮
❞❡ ♠♦❞♦ q✉❡ t, α, β > 0 ❡ φ(·) é ❛ ❢❞♣ ❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ♣❛❞rã♦✳
❆ ❋✐❣✉r❛ ✷✳✶ ❛♣r❡s❡♥t❛ ❛s ❝✉r✈❛s ❞❡ ❞❡♥s✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs
❝♦♥s✐❞❡r❛♥❞♦ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ♣❛r❛ ♦ ♣❛râ♠❡tr♦ ❞❡ ❢♦r♠❛ α ❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛
✜①♦ β = 1✳ P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ à ♠❡❞✐❞❛ q✉❡ ♦ ✈❛❧♦r ❞❡ α ❛✉♠❡♥t❛✱ ❛ ❝✉r✈❛ ❞❡
❞❡♥s✐❞❛❞❡ ✈❛✐ ✜❝❛♥❞♦ ❝❛❞❛ ✈❡③ ♠❛✐s ❛ss✐♠étr✐❝❛✳ ◆❛ ❋✐❣✉r❛ ✷✳✷✱ t❡♠♦s ❛s ❝✉r✈❛s ❞❡
❞❡♥s✐❞❛❞❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ β ❡ ♣❛râ♠❡tr♦
❞❡ ❢♦r♠❛ ✜①♦ ❡♠ α = 0, 5✳ ➱ ❢á❝✐❧ ♣❡r❝❡❜❡r q✉❡ ♣❛r❛ ✈❛❧♦r❡s ♠❡♥♦r❡s ❞❡ β✱ ❡①✐st❡
✉♠❛ ♠❛✐♦r ❝♦♥❝❡♥tr❛çã♦ ❡♠ t♦r♥♦ ❞❛ ♠♦❞❛ ❞❛ ❞✐str✐❜✉✐çã♦✱ ✐st♦ é✱ t❡♠♦s ❝✉r✈❛s ❞❡
❞❡♥s✐❞❛❞❡ ❧❡♣t♦❝úrt✐❝❛s✳ ❊♥tr❡t❛♥t♦✱ à ♠❡❞✐❞❛ q✉❡ ♦ ✈❛❧♦r ❞❡ β ❛✉♠❡♥t❛✱ ❡①✐st❡ ✉♠❛
♠❛✐♦r ❞✐s♣❡rsã♦ ❡♠ t♦r♥♦ ❞♦ ✈❛❧♦r ♠♦❞❛❧✱ ❣❡r❛♥❞♦ ❝✉r✈❛s ♣❧❛t✐❝úrt✐❝❛s✳
❈♦♥s✐❞❡r❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ T ❝♦♠ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✳ ❊♥tã♦✱
T é ♠✉♥✐❞❛ ❞❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿
Pr♦♣r✐❡❞❛❞❡ ✷✳✶ ❖ ♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛ β é ❛ ♠❡❞✐❛♥❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❇❙(α, β)✳
❉❡♠♦♥str❛çã♦✿
F (β;α, β) = Φ
[
1
α
(√
β
β
−
√
β
β
)]
= Φ(0) = 0, 5.
✸✵
❋✐❣✉r❛ ✷✳✶✿ ❉❡♥s✐❞❛❞❡ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ♣❛r❛ ✈❛❧♦r❡s ❞❡ α ✐♥❞✐❝❛❞♦s ❡ β = 1✳
❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r✳
❋✐❣✉r❛ ✷✳✷✿ ❉❡♥s✐❞❛❞❡ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ♣❛r❛ ✈❛❧♦r❡s ❞❡ β ✐♥❞✐❝❛❞♦s ❡ α = 0, 5✳
❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r✳
■ss♦ s✐❣♥✐✜❝❛ q✉❡ β é ♦ ♣♦♥t♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❡♠ q✉❡ ✺✵✪ ❞♦s ❞❛❞♦s sã♦ ♠❡♥♦r❡s
q✉❡ ❡❧❡ ❡ ✺✵✪ sã♦ ♠❛✐♦r❡s✱ ♦✉ s❡❥❛✱ β é ❛ ♠❡❞✐❛♥❛ ❞❛ ❞✐str✐❜✉✐çã♦✳
Pr♦♣r✐❡❞❛❞❡ ✷✳✷ ❙❡ T ∼ ❇❙(α, β)✱ ❡♥tã♦ cT ∼ ❇❙(α, cβ)✱ ❝♦♠ c > 0✳
✸✶
❉❡♠♦♥str❛çã♦✿
❙❡❥❛ Y = cT ✱ ❡♠ q✉❡ T ∼ ❇❙(α, β)✳ ❉❛í✱
FY (y;α, β) = P (Y ≤ y) = P (cT ≤ y)
= P
(
T ≤ y
c
)
= FT
(y
c
;α, β
)
= Φ
[
1
α
(√
y/c
β
−
√
β
y/c
)]
= Φ
[
1
α
(√
y
cβ
−
√
cβ
y
)]
.
P♦rt❛♥t♦✱ t❡♠♦s q✉❡ Y ∼ ❇❙(α, cβ)✳
Pr♦♣r✐❡❞❛❞❡ ✷✳✸ ❙❡ T ∼ ❇❙(α, β)✱ ❡♥tã♦ T−1 ∼ ❇❙(α, β−1)✳
❉❡♠♦♥str❛çã♦✿
❙❡❥❛ Y = T−1✱ ❡♠ q✉❡ T ∼ ❇❙(α, β)✳ ❊♥tã♦✱
FY (y;α, β) = P (Y ≤ y) = P (T−1 ≤ y)
= P (T ≥ y−1) = 1− FT (y−1)
= 1− Φ

 1
α


√
y−1
β
−
√
β
y−1




= Φ

− 1
α


√
y−1
β
−
√
β
y−1




= Φ

 1
α


√
β
y−1
−
√
y−1
β




= Φ

 1
α

√ y
β−1
−
√
β−1
y



 ,
❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ Y ∼ ❇❙(α, β−1)✳
Pr♦♣r✐❡❞❛❞❡ ✷✳✹ ❙❡ T ∼ ❇❙(α, β)✱ ❡♥tã♦ ♦ ✈❛❧♦r ❡s♣❡r❛❞♦ ❡ ❛ ✈❛r✐â♥❝✐❛ ❞❡ T sã♦
❞❛❞❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r
❊(T ) = β
(
1 +
α2
2
)
❡ ❱❛r(T ) = β2α2
(
1 +
5
4
α2
)
.
❉❡♠♦♥str❛çã♦✿ ❱❡r ✭▲❡✐✈❛✱ ✷✵✶✺✱ ♣✳ ✷✻✮ ♦✉ ✭❇✐r♥❜❛✉♠ ✫ ❙❛✉♥❞❡rs✱ ✶✾✻✾❜✮✳
✸✷
Pr♦♣r✐❡❞❛❞❡ ✷✳✺ ❖ ♣❡r❝❡♥t✐❧ ❞❡ ♦r❞❡♠ p ❞❛ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ♣♦❞❡ s❡r
♦❜t✐❞♦ ❛tr❛✈és ❞❡
tp =
β(αZ +
√
α2Z2 + 4)2
4
,
❞❡ ♠♦❞♦ q✉❡ Z = Φ−1(p) ∼ N(0; 1)✳
❉❡♠♦♥str❛çã♦✿
❈♦♥s✐❞❡r❡ q✉❡ T ∼ ❇❙(α, β) ❡ q✉❡ F (t;α, β) é ❛ ❢❞❛ ❞❡ T ✳ P♦❞❡♠♦s ♦❜t❡r ♦
♣❡r❝❡♥t✐❧ ❞❡ ♦r❞❡♠ p ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿
F (tp;α, β) = p
Φ
[
1
α
(√
tp
β
−
√
β
tp
)]
= p
1
α
(√
tp
β
−
√
β
tp
)
= Φ−1(p)
1
α
(√
tp
β
−
√
β
tp
)
= Z,
❞❡ ♦♥❞❡✱ ♣❡❧❛ r❡❧❛çã♦ ✭✷✳✸✮✱ ♦❜té♠✲s❡ q✉❡
tp =
β(αZ +
√
α2Z2 + 4)2
4
.
Pr♦♣r✐❡❞❛❞❡ ✷✳✻ ❙❡ T ∼ ❇❙(α, β)✱ ❡♥tã♦ s✉❛ ❢✉♥çã♦ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ é ❞❛❞❛ ♣♦r✿
S(t;α, β) = Φ
[
1
α
(√
β
t
−
√
t
β
)]
, t > 0.
❉❡♠♦♥str❛çã♦✿
S(t;α, β) = 1− F (t;α, β)
= 1− Φ
[
1
α
(√
t
β
−
√
β
t
)]
= Φ
[
1
α
(√
β
t
−
√
t
β
)]
.
Pr♦♣r✐❡❞❛❞❡ ✷✳✼ ❈♦♥s✐❞❡r❡ q✉❡ T ∼ ❇❙(α, β)✳ ❊♥tã♦✱ ❛ ❢✉♥çã♦ ❞❡ r✐s❝♦ ❞❡ T ♣♦❞❡
s❡r ❡①♣r❡ss❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿
h(t;α, β) =
t−3/2(t+ β) exp
{
− 1
2α2
(
t
β
+
β
t
− 2
)}
2α
√
2πβΦ
[
1
α
(√
β
t
−
√
t
β
)] , t > 0.
✸✸
❉❡♠♦♥str❛çã♦✿
h(t;α, β) =
f(t;α, β)
S(t;α, β)
=
1√
2π
exp
{
− 1
2α2
(
t
β
+
β
t
− 2
)}
t−3/2(t+ β)
2α
√
β
Φ
[
1
α
(√
β
t
−
√
t
β
)]
=
t−3/2(t+ β) exp
{
− 1
2α2
(
t
β
+
β
t
− 2
)}
2α
√
2πβΦ
[
1
α
(√
β
t
−
√
t
β
)] .
❆s ❋✐❣✉r❛s ✷✳✸ ❡ ✷✳✹ ❛♣r❡s❡♥t❛♠ ❛s ❝✉r✈❛s ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ❡ ❞❡ r✐s❝♦✱ r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✱ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ α ❡ β✳
❋✐❣✉r❛ ✷✳✸✿ ❈✉r✈❛s ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ♣❛r❛ ✈❛❧♦r❡s
✐♥❞✐❝❛❞♦s ❞❡ α ❝♦♠ β = 1 ✭❛✮ ❡ ♣❛r❛ ✈❛❧♦r❡s ✐♥❞✐❝❛❞♦s ❞❡ β ❝♦♠ α = 0, 5 ✭❜✮✳
✭❛✮ ✭❜✮
❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r✳
P❡❧❛ ❋✐❣✉r❛ ✷✳✸✭❛✮✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ✈❛❧♦r❡s ♠❛✐♦r❡s ❞❡ α ❢❛③❡♠ ❝♦♠ q✉❡ ❛
❢✉♥çã♦ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ❞❡❝r❡sç❛ ♠❛✐s ❧❡♥t❛♠❡♥t❡✳ ◆❛ ❋✐❣✉r❛ ✷✳✸✭❜✮✱ ♣❡r❝❡❜❡✲s❡ q✉❡ ❛
❢✉♥çã♦ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ r❡t♦r♥❛ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ♠❛✐♦r❡s à ♠❡❞✐❞❛ q✉❡
s❡ ❛✉♠❡♥t❛ ♦ ✈❛❧♦r ❞❡ β✳
❆ ❋✐❣✉r❛ ✷✳✹✭❛✮ ♥♦s ♠♦str❛ q✉❡ ♦s ✈❛❧♦r❡s ❛ss✉♠✐❞♦s ♣❡❧❛ ❢✉♥çã♦ ❞❡ r✐s❝♦ sã♦
♠❡♥♦r❡s à ♠❡❞✐❞❛ q✉❡ s❡ ❛✉♠❡♥t❛ ♦ ✈❛❧♦r ❞♦ ♣❛râ♠❡tr♦ α✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❢✉♥çã♦
✸✹
❋✐❣✉r❛ ✷✳✹✿ ❈✉r✈❛s ❞❡ r✐s❝♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ♣❛r❛ ✈❛❧♦r❡s ✐♥❞✐❝❛❞♦s
❞❡ α ❝♦♠ β = 1 ✭❛✮ ❡ ♣❛r❛ ✈❛❧♦r❡s ✐♥❞✐❝❛❞♦s ❞❡ β ❝♦♠ α = 1 ✭❜✮✳
✭❛✮ ✭❜✮
❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r✳
❞❡ r✐s❝♦ ❝r❡s❝❡ ❛té ✉♠ ❝❡rt♦ ✈❛❧♦r✱ ❞❡ ♠♦❞♦ q✉❡ ❛♣ós ❡ss❡ ✈❛❧♦r t❛❧ ❢✉♥çã♦ t❡♠ ✉♠
❞❡❝r❡s❝✐♠❡♥t♦ ♦ q✉❛❧ ✈❛✐ s❡ ❡st❛❜✐❧✐③❛♥❞♦✳ ❆ ❋✐❣✉r❛ ✷✳✹✭❜✮ ♥♦s ❛♣r❡s❡♥t❛ ❛❧❣♦ s✐♠✐❧❛r✱
❞❡ ♠♦❞♦ q✉❡ ♦s ✈❛❧♦r❡s ❛ss✉♠✐❞♦s ♣❡❧❛ ❢✉♥çã♦ ❞❡ r✐s❝♦ s❡ t♦r♥❛♠ ♠❡♥♦r❡s à ♠❡❞✐❞❛
q✉❡ s❡ ❛✉♠❡♥t❛ ♦ ✈❛❧♦r ❞♦ ♣❛râ♠❡tr♦ β ❡✱ ❛♣ós ✉♠ ❝❡rt♦ ✈❛❧♦r✱ ❛ ❝✉r✈❛ s❡ ❡st❛❜✐❧✐③❛✳✳
✷✳✷ ●❡r❛çã♦ ❞❡ ◆ú♠❡r♦s Ps❡✉❞♦✲❆❧❡❛tór✐♦s
✭❘✐❜❡✐r♦✱ ✷✵✶✹✮ ❛♣r❡s❡♥t❛ ✉♠ ❛❧❣♦r✐t♠♦ s✐♠♣❧❡s ♣❛r❛ ❛ ❣❡r❛çã♦ ❞❡ ♥ú♠❡r♦s
♣s❡✉❞♦✲❛❧❡❛tór✐♦s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✿
❆❧❣♦r✐t♠♦ ✶✿ ●❡r❛❞♦r ❞❡ ♥ú♠❡r♦s ♣s❡✉❞♦✲❛❧❡❛tór✐♦s ❛ ♣❛rt✐r ❞❛ ❞✐str✐❜✉✐çã♦
❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✳
✶✳ ●❡r❡ ✈❛❧♦r❡s z ❛ ♣❛rt✐r ❞❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ Z ∼ ◆(0; 1)❀
✷✳ ❖❜t❡♥❤❛ ✈❛❧♦r❡s ❞❡ t ❛ ♣❛rt✐r ❞❛ r❡❧❛çã♦ ✭✷✳✸✮✳
❚❛♠❜é♠ é ♣♦ssí✈❡❧ ✉t✐❧✐③❛r ❛ ❢✉♥çã♦ r❜✐s❛ ❞♦ ♣❛❝♦t❡ ❱●❆▼ ♥♦ s♦❢t✇❛r❡ ❘ ♣❛r❛
❣❡r❛r ✈❛❧♦r❡s ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✳ P❛r❛ ♠❛✐s ✐♥❢♦r♠❛çõ❡s✱ ✈❡r
✭❨❡❡✱ ✷✵✶✼✮✳
✸✺
✷✳✸ ❊st✐♠❛çã♦
◆❡st❛ s❡çã♦✱ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ❞♦✐s ♠ét♦❞♦s ♣❛r❛ ❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s α ❡ β
❞❛ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✿ ♦ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❡ ♦ ♠ét♦❞♦
❞♦s ♠♦♠❡♥t♦s ♠♦❞✐✜❝❛❞♦✳
✷✳✸✳✶ ▼ét♦❞♦ ❞❡ ▼á①✐♠❛ ❱❡r♦ss✐♠✐❧❤❛♥ç❛
❙❡❥❛ T ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❝♦♠ ❞✐str✐❜✉✐çã♦ ❇❙(α, β) ❡ f(t;θ) s✉❛ ❢❞♣✱ ❡♠ q✉❡
θ = (α, β)′✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ T1, ..., Tn ❞❡ t❛♠❛♥❤♦ n t♦♠❛❞❛
❛ ♣❛rt✐r ❞❡ T ✱ ❞❡ ♠♦❞♦ q✉❡ t1, ..., tn s❡❥❛♠ s❡✉s r❡s♣❡❝t✐✈♦s ✈❛❧♦r❡s ♦❜s❡r✈❛❞♦s✳ ❆ss✐♠✱
t❡♠♦s q✉❡ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ é ❞❛❞❛ ♣♦r✿
L(θ) =
n∏
i=1
f(ti;θ)
=
n∏
i=1
1√
2π
exp
{
− 1
2α2
(
ti
β
− β
ti
− 2
)}
t
−3/2
i (ti + β)
2α
√
β
.
❖ ❧♦❣❛r✐t♠♦ ❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ✜❝❛ ❞❛❞♦ ♣♦r
l(θ) = log[L(θ)] ✭✷✳✺✮
=
n∑
i=1
log
[
1√
2π
exp
{
− 1
2α2
(
ti
β
+
β
ti
− 2
)}
t
−3/2
i (ti + β)
2α
√
β
]
=
n∑
i=1
{
log
(
1√
2π
)
− 1
2α2
(
ti
β
+
β
ti
− 2
)
− 3
2
log(ti) + log(ti + β)− log(2)
− log(α)− 1
2
log(β)
}
= n
(
log
(
1√
2π
)
− log(2)
)
− 3
2
n∑
i=1
log(ti)− 1
2α2
n∑
i=1
(
ti
β
+
β
ti
− 2
)
+
n∑
i=1
log(ti + β)− n log(α)− n
2
log(β). ✭✷✳✻✮
❉❡r✐✈❛♥❞♦ ❛ ❊①♣r❡ssã♦ ✭✷✳✻✮ ❡♠ r❡❧❛çã♦ ❛ α ❡ ✐❣✉❛❧❛♥❞♦ ❛ ③❡r♦✱ ♦❜t❡♠♦s q✉❡
αˆ =
√√√√ 1
n
n∑
i=1
(
ti
βˆ
+
βˆ
ti
− 2
)
. ✭✷✳✼✮
❈♦♥s✐❞❡r❛♥❞♦
t¯ =
1
n
n∑
i=1
ti ❡ r =
n
n∑
i=1
1
ti
,
✸✻
♦✉ s❡❥❛✱ ❛s r❡s♣❡❝t✐✈❛s ♠é❞✐❛s ❛r✐t♠ét✐❝❛ ❡ ❤❛r♠ô♥✐❝❛ ❛♠♦str❛✐s✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛
❊①♣r❡ssã♦ ✭✷✳✼✮ ❞❡ t❛❧ ❢♦r♠❛ q✉❡
αˆ =
√
t¯
βˆ
+
βˆ
r
− 2 .
❆❣♦r❛✱ s❡ ❞❡r✐✈❛r♠♦s ❛ ❊①♣r❡ssã♦ ✭✷✳✻✮ ❝♦♠ r❡❧❛çã♦ ❛ β ❡ ✐❣✉❛❧❛r♠♦s ❛ ③❡r♦✱
♦❜t❡♠♦s
− 1
2αˆ2
n∑
i=1
(
1
ti
− ti
βˆ2
)
+
n∑
i=1
1
ti + βˆ
− n
2βˆ
= 0. ✭✷✳✽✮
❆ ❊①♣r❡ssã♦ ✭✷✳✽✮ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❡♠ βˆ ❡✱ ♣♦rt❛♥t♦✱ ♥ã♦ ♣♦❞❡♠♦s
♦❜t❡r ♦ ❡st✐♠❛❞♦r ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ β ❛♥❛❧✐t✐❝❛♠❡♥t❡✳ ❯♠❛ ❛❧t❡r♥❛t✐✈❛
é ✉t✐❧✐③❛r ♠ét♦❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ✐t❡r❛t✐✈♦s ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✲
❘❛♣❤s♦♥✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❡ss❡ ♠ét♦❞♦✱ ✈❡r ✭❖rt❡❣❛ ✫ ❘❤❡✐♥❜♦❧❞t✱ ✶✾✼✵✮✳
✷✳✸✳✷ ▼ét♦❞♦ ❞♦s ▼♦♠❡♥t♦s ▼♦❞✐✜❝❛❞♦
❆ ❡st✐♠❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ♣❡❧♦ ♠ét♦❞♦ ❞♦s ♠♦♠❡♥t♦s é ❢❡✐t❛ ✐❣✉❛❧❛♥❞♦✲s❡ ♦s
♠♦♠❡♥t♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❛♦s r❡s♣❡❝t✐✈♦s ♠♦♠❡♥t♦s ❛♠♦str❛✐s✳ ❊♥tr❡t❛♥t♦✱ ♥♦ ❝❛s♦ ❞❛
❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭❘✐❜❡✐r♦✱ ✷✵✶✹✮✱ s❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡
✈❛r✐❛çã♦ ❢♦r ♠❡♥♦r q✉❡
√
5✱ ♦s ❡st✐♠❛❞♦r❡s ❞❡ ♠♦♠❡♥t♦s ♥ã♦ ❡①✐st❡♠✳ ❉❡st❡ ♠♦❞♦✱
✭◆❣✱ ❑✉♥❞✉✱ ✫ ❇❛❧❛❦r✐s❤♥❛♥✱ ✷✵✵✸✮ ♣r♦♣✉s❡r❛♠ ✉t✐❧✐③❛r ❛ ♠é❞✐❛ ❤❛r♠ô♥✐❝❛ ♣❛r❛ s♦✲
❧✉❝✐♦♥❛r ❡ss❡ ♣r♦❜❧❡♠❛✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ é ♦ s❡❣✉✐♥t❡✿ ✐❣✉❛❧❛✲s❡ ♦ ✐♥✈❡rs♦ ❞❛ ♠é❞✐❛
❤❛r♠ô♥✐❝❛ ❛♠♦str❛❧ ❛ ❊✭✶✴❚✮ ❡♠ ✈❡③ ❞❡ ✐❣✉❛❧❛r ♦ s❡❣✉♥❞♦ ♠♦♠❡♥t♦ ♣♦♣✉❧❛❝✐♦♥❛❧ ❛♦
r❡s♣❡❝t✐✈♦ ♠♦♠❡♥t♦ ❛♠♦str❛❧✳ ❆ss✐♠✱ ♣❛r❛ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦✱ t❡♠♦s
t¯ = β
(
1 +
α2
2
)
❡ r−1 =
1
β
(
1 +
α2
2
)
,
❞❡ ♠♦❞♦ q✉❡ ♦s ❡st✐♠❛❞♦r❡s ♦❜t✐❞♦s ♣❡❧♦ ♠ét♦❞♦s ❞♦s ♠♦♠❡♥t♦s ♠♦❞✐✜❝❛❞♦ sã♦ ❞❛❞♦s✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r
α˜ =
√√√√2
(√
t¯
r
− 1
)
✭✷✳✾✮
❡
β˜ =
√
rt¯. ✭✷✳✶✵✮
❈❛♣ít✉❧♦ ✸
❚❡st❡ ❞❡ ❇♦♥❞❛❞❡ ❞❡ ❆❥✉st❡ ♣❛r❛
❉✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs
❇❛s❡❛❞♦ ♥❛ ■♥❢♦r♠❛çã♦ ❞❡
❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ✭s❡♠ ❈❡♥s✉r❛✮
◆❡st❡ ❝❛♣ít✉❧♦✱ ✐r❡♠♦s ♣r♦♣♦r ✉♠ t❡st❡ ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦
❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✱ ❞❡ ♠♦❞♦ q✉❡ t❛❧ t❡st❡ s❡rá ❜❛s❡❛❞♦ ♥❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲
▲❡✐❜❧❡r✳ ❱❛❧❡ s❛❧✐❡♥t❛r q✉❡ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❡ t❡st❡✱ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r✱
✐♥✐❝✐❛❧♠❡♥t❡✱ ❞❛❞♦s ♥ã♦ ❝❡♥s✉r❛❞♦s✳
Pr✐♠❡✐r❛♠❡♥t❡✱ ❢❛❧❛r❡♠♦s s♦❜r❡ ❛ ❡♥tr♦♣✐❛ ❞✐❢❡r❡♥❝✐❛❧ ❡ ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲
▲❡✐❜❧❡r✱ ❜❡♠ ❝♦♠♦ s❡✉s ❡st✐♠❛❞♦r❡s ♥ã♦✲♣❛r❛♠étr✐❝♦s✳ ▲♦❣♦ ❛♣ós✱ ✐r❡♠♦s ❞❡s❡♥✈♦❧✈❡r
❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ❡ ❛♥❛❧✐s❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛ ♠❡s♠❛ ❛tr❛✈és ❞❡ ✉♠ ❡st✉❞♦ ❞❡
s✐♠✉❧❛çã♦ ❡✱ ♣♦r ✜♠✱ ✐❧✉str❛r❡♠♦s ❛ ♠❡t♦❞♦❧♦❣✐❛ ❝♦♠ ❞❛❞♦s r❡❛✐s✳
✸✳✶ ❊♥tr♦♣✐❛ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲
▲❡✐❜❧❡r
❉❡✜♥✐çã♦ ✸✳✶ ❙❡❥❛ X ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❝♦♥tí♥✉❛ ❝♦♠ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦
F (x) ❡ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ f(x)✳ ❆ ❡♥tr♦♣✐❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ f é ❞❡✜♥✐❞❛ ❡♠ ✭❙❤❛♥♥♦♥✱
✷✵✵✶✮ ❝♦♠♦ s❡♥❞♦
H(f) = −
∫ ∞
−∞
f(x) log f(x)dx. ✭✸✳✶✮
✸✽
❉❛ ❊①♣r❡ssã♦ ✭✸✳✶✮✱ t❡♠♦s q✉❡
H(f) =
∫ ∞
−∞
f(x)[− log(f(x))]dx =
∫ ∞
−∞
f(x) log
(
1
f(x)
)
dx.
❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ tr❛♥s❢♦r♠❛çã♦✿ p = F (x) ⇒ dp = f(x)dx✳ ❖❜s❡r✈❡
❛✐♥❞❛ q✉❡ 0 ≤ p ≤ 1✱ ❥á q✉❡ F (x) é ✉♠❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❡ x = F−1(p)✳ ❉❛í✱
♦❜t❡♠♦s q✉❡
dx
dp
=
dF−1(p)
dp
=
1
f(F−1(p))
=
1
f(x)
.
▲♦❣♦✱ ❝❤❡❣❛♠♦s q✉❡
H(f) =
∫ 1
0
log
{
d
dp
F−1(p)
}
dp. ✭✸✳✷✮
✭❱❛s✐❝❡❦✱ ✶✾✼✻✮ ❢♦✐ ♦ ♣r✐♠❡✐r♦ ❛ ♣r♦♣♦r ✉♠ t❡st❡ ♣❛r❛ ♥♦r♠❛❧✐❞❛❞❡ ❜❛s❡❛❞♦ ♥❛
❡♥tr♦♣✐❛ ❛♠♦str❛❧✱ q✉❡ t❛♠❜é♠ ❝♦♠♣❛r♦✉ ♦ ♣♦❞❡r ❞❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ❝♦♠ ♦s ♣r✐♥✲
❝✐♣❛✐s t❡st❡s ♣❛r❛ ❛♠♦str❛s ❝♦♠♣❧❡t❛s✱ ❡♠ q✉❡ ❛s ❡st❛tíst✐❝❛s ❞❡ t❡st❡ ✉t✐❧✐③❛❞❛s ❢♦r❛♠
❛ ❞❡ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈✱ ❛ ❞❡ ❈r❛♠ér✲✈♦♥ ▼✐s❡s✱ ❛ ❞❡ ❑✉✐♣❡r✱ ❛ ❞❡ ❲❛ts♦♥✱ ❛ ❞❡
❆♥❞❡rs♦♥✲❉❛r❧✐♥❣ ❡✱ ♣♦r ✜♠✱ ❛ ❞❡ ❙❤❛♣✐r♦✲❲✐❧❦✱ ✐ss♦ ❝♦♥s✐❞❡r❛♥❞♦ ♣❛r❛ ❛ ❤✐♣ót❡s❡
❛❧t❡r♥❛t✐✈❛ ❛s ❞✐str✐❜✉✐çõ❡s ❊①♣♦♥❡♥❝✐❛❧✱ ●❛♠❛✱ ❯♥✐❢♦r♠❡✱ ❇❡t❛ ❡ ❈❛✉❝❤②✳ P❛r❛ t❛❧
t❡st❡✱ ❝♦♥❝❧✉✐✉✲s❡ q✉❡ ♣❛r❛ ❛s ❛❧t❡r♥❛t✐✈❛s ❊①♣♦♥❡♥❝✐❛❧✱ ❯♥✐❢♦r♠❡ ❡ ❇❡t❛✱ ♦ t❡st❡ ❜❛✲
s❡❛❞♦ ❡♠ ❡♥tr♦♣✐❛ ♦❜t❡✈❡ ♣♦❞❡r❡s ♠❛✐♦r❡s ❡♠ r❡❧❛çã♦ ❛s ♦✉tr❛s ❡st❛tíst✐❝❛s ❞❡ t❡st❡
❝♦♥s✐❞❡r❛❞❛s✳ ❆ ❞✐❢❡r❡♥ç❛ ❞❡ ❡♥tr♦♣✐❛s✱ H(f) − H(g)✱ ❢♦✐ ❝♦♥s✐❞❡r❛❞❛ ❡♠ ✭❉✉❞❡✇✐❝③
✫ ❱❛♥ ❉❡r ▼❡✉❧❡♥✱ ✶✾✽✶✮ ❡ ❡♠ ✭●♦❦❤❛❧❡✱ ✶✾✽✸✮ ♣❛r❛ ❡st❛❜❡❧❡❝❡r t❡st❡s ❞❡ ❜♦♥❞❛❞❡
❞❡ ❛❥✉st❡ ♣❛r❛ ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡ ♠❛①✐♠✐③❛♠ ❛ ❡♥tr♦♣✐❛ ✭❝❧❛ss❡ ❞❡
❞✐str✐❜✉✐çõ❡s ❞❡ ❡♥tr♦♣✐❛ ♠á①✐♠❛✮✳
✭❱❛s✐❝❡❦✱ ✶✾✼✻✮ ♣r♦♣õ❡ ✉♠ ❡st✐♠❛❞♦r ♥ã♦ ♣❛r❛♠étr✐❝♦ ♣❛r❛ H(f)✳ P❛r❛ ♦❜t❡r
❡ss❡ ❡st✐♠❛❞♦r✱ ❡❧❡ t♦♠♦✉ ❝♦♠♦ ❜❛s❡ ❛ ❊①♣r❡ssã♦ ✭✸✳✷✮ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ ✉♠ ❡st✐♠❛❞♦r
♣❛r❛ f(x) ♣♦❞❡ s❡r ♦❜t✐❞♦ ❝♦♠♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ❞❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s
✭F (X(i+m)), X(i+m)✮ ❡ ✭F (X(i−m)), X(i−m)✮✱ ❞❡ ♠♦❞♦ q✉❡
{
d
dp
F−1(p)
}
♣♦❞❡ s❡r ❡st✐✲
♠❛❞♦ ♣♦r
n
2m
(x(i+m) − x(i−m))✳ ❆ss✐♠✱ ♦ ❡st✐♠❛❞♦r ♣❛r❛ H(f) ✜❝❛ ❞❛❞♦ ♣♦r✿
Hmn =
1
n
n∑
i=1
log
{ n
2m
(x(i+m) − x(i−m))
}
, ✭✸✳✸✮
✸✾
❡♠ q✉❡ ❛ ❥❛♥❡❧❛m é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ♠❡♥♦r q✉❡ n/2 ❡ x(i−m) = x(1), i−m <
1✱ ❡ x(i+m) = x(n), i + m > n✱ ❞❡ ♠♦❞♦ q✉❡ x(i) é ♦ ✐✲és✐♠♦ ✈❛❧♦r ♦❜s❡r✈❛❞♦ ❞❛s
❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠✳
❉❡✜♥✐çã♦ ✸✳✷ ❙❡❥❛♠ f(x) ❡ g(x) ❢✉♥çõ❡s ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❆ ■♥❢♦r♠❛çã♦
❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ✭❑▲✮ é ❞❡✜♥✐❞❛ ❡♠ ✭❑✉❧❧❜❛❝❦✱ ✶✾✺✾✮ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿
I(f : g) =
∫ ∞
−∞
f(x) log
(
f(x)
g(x)
)
dx, ✭✸✳✹✮
❞❡ ♠♦❞♦ q✉❡ I(f : g) ♠❡❞❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛ ❞✐str✐❜✉✐çã♦ ♦❜s❡r✈❛❞❛ F ✱ ❝♦♠ ❢❞♣ f(x)✱
❡ ♦ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦ G✱ ❝♦♠ ❢❞♣ g(x)✳
❖❜s❡r✈❡ q✉❡ ❛ ❊①♣r❡ssã♦ ✭✸✳✹✮ ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡ ✉♠ ❝♦♥❝❡✐t♦ ❡st❡♥❞✐❞♦ ❞❡
❡♥tr♦♣✐❛✳ ❈♦♠♦ I(g : f) ≥ 0✱ ❝♦♠ I(f : g) = 0 s❡ f(x) = g(x)✱ ❛ ❡st✐♠❛t✐✈❛ ❞❛
✐♥❢♦r♠❛çã♦ ❞❡ ❑▲ t❛♠❜é♠ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ✉♠❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ♣❛r❛
t❡st❡s ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡✱ ✈❡r ✭❘❛❞ ❡t ❛❧✳✱ ✷✵✶✶✮✳
❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❢❛❝✐❧✐t❛r ❛ ❡st✐♠❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑▲✱ ✈❛♠♦s r❡❡s❝r❡✈❡r ❛
❊①♣r❡ssã♦ ✭✸✳✹✮ ❞❡ t❛❧ ❢♦r♠❛ q✉❡
I(f : g) =
∫ ∞
−∞
f(x)[log(f(x))− log(g(x))]dx
=
∫ ∞
−∞
f(x) log(f(x))dx−
∫ ∞
−∞
f(x) log(g(x))dx
= −H(f)−
∫ ∞
−∞
f(x) log(g(x))dx. ✭✸✳✺✮
❆ ♣❛rt✐r ❞❛ ❊①♣r❡ssã♦ ✭✸✳✺✮✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ♥ã♦✲♣❛r❛♠étr✐❝❛ ❞❛
✐♥❢♦r♠❛çã♦ ❞❡ ❑▲✱ ❞❡ ♠♦❞♦ q✉❡ s✉❜st✐t✉í♠♦s H(f) ♣♦r s✉❛ ❡st✐♠❛t✐✈❛ ❞❛❞❛ ❡♠ ✭✸✳✸✮
❡ ✉t✐❧✐③❛♠♦s ♦s ✈❛❧♦r❡s ❡st✐♠❛❞♦s ❞♦s ♣❛râ♠❡tr♦s ❡♠ f(x)✳ ❆ss✐♠✱ s♦❜ ❛ ❤✐♣ót❡s❡ ♥✉❧❛
❞❡ q✉❡ f(x) = g(x)✱ ♣♦❞❡♠♦s ❡st✐♠❛r ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑▲ ♣♦r
Imn = −Hmn −
∫ ∞
−∞
f(x; θˆ) log(f(x; θˆ))dx, ✭✸✳✻✮
❡♠ q✉❡ θˆ é ✉♠ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ θ✳ ➱ ✐♠♣♦rt❛♥t❡ ❛t❡♥t❛r ♣❛r❛
♦ ❢❛t♦ ❞❡ q✉❡ θ t❛♠❜é♠ ♣♦❞❡ s❡r ✉♠ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s✳
P♦rt❛♥t♦✱ Imn ❝♦♥st✐t✉✐ ✉♠❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ♣❛r❛ ✈❡r✐✜❝❛r ❛ ❛❞❡q✉❛çã♦ ❞❡ ✉♠
❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❛ ✉♠ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦ ❝♦♥tí♥✉♦ ❝♦♠ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❛❞❛
♣♦r F (x)✳ ❱❛❧❡ s❛❧✐❡♥t❛r q✉❡ ❤✐♣ót❡s❡s s♦❜r❡ ♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ♥ã♦ sã♦ t❡st❛❞❛s✱
♠❛s ❛♣❡♥❛s ♦ ❢❛t♦ ❞♦s ❞❛❞♦s s❡❣✉✐r❡♠ ❞❡t❡r♠✐♥❛❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳
✹✵
✸✳✷ ❊st❛tíst✐❝❛ ❞❡ ❚❡st❡ ♣❛r❛ ❛ ❉✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲
❙❛✉♥❞❡rs
◗✉❡r❡♠♦s t❡st❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ H0 : ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ X q✉❡ ❞❡s❝r❡✈❡ ♦s ❞❛❞♦s
s❡❣✉❡ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✱ ❝♦♥tr❛ ❛ ❤✐♣ót❡s❡ ❛❧t❡r♥❛t✐✈❛ H1 : ❛ ✈❛r✐á✈❡❧
❛❧❡❛tór✐❛ X ♥ã♦ s❡❣✉❡ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✳
P❛r❛ t❛♥t♦✱ t❡♠♦s q✉❡ s♦❜ H0✱
f 0(x) =
1√
2π
exp
{
− 1
2α2
(
x
β
+
β
x
− 2
)}
x−3/2(x+ β)
2α
√
β
, x > 0, α, β > 0.
❆ss✐♠✱
∫ ∞
0
f 0(x) log f 0(x)dx =
∫ ∞
0
f 0(x) log
[
1√
2π
exp
{
− 1
2α2
(
x
β
+
β
x
− 2
)}
x−3/2(x+ β)
2α
√
β
]
dx
=
∫ ∞
0
f 0(x)
[
log
(
1√
2π
)
− 1
2α2
(
x
β
+
β
x
− 2
)
+ log[x−3/2(x+ β)]
− log(2α
√
β)
]
dx
=
∫ ∞
0
f 0(x)
[
log
(
1√
2π
)
− x
2α2β
− β
2α2x
+
1
α2
+ log x−3/2
+ log(x+ β)− log(2α
√
β)
]
dx
=
∫ ∞
0
[
f 0(x) log
(
1√
2π
)
− 1
2α2β
xf 0(x)− β
2α2
f 0(x)
x
+
1
α2
f 0(x)
− 3
2
log(x)f 0(x) + log(x+ β)f 0(x)− log(2α
√
β)f 0(x)
]
dx
= log
1√
2π
∫ ∞
0
f 0(x)dx− 1
2α2β
∫ ∞
0
xf 0(x)dx− β
2α2
∫ ∞
0
1
x
f 0(x)dx
+
1
α2
∫ ∞
0
f 0(x)dx− 3
2
∫ ∞
0
log(x)f 0(x)dx+
∫ ∞
0
log(x+ β)f 0(x)dx
− log(2α
√
β)
∫ ∞
0
f 0(x)dx
= log
(
1√
2π
)
− 1
2α2β
E(X)− β
2α2
E
(
1
X
)
+
1
α2
− 3
2
E(log(X))
+ E[log(X + β)]− log(2α
√
β).
◆❛ ❙❡çã♦ ✷✳✶✱ ✈✐♠♦s q✉❡ E(X) ❡ E(1/X) sã♦ ❞❛❞❛s ♣♦r
E(X) = β
(
1 +
α2
2
)
❡ E
(
1
X
)
= β−1
(
1 +
α2
2
)
.
✹✶
❉❛í✱∫ ∞
0
f 0(x) log f 0(x)dx = log
1√
2π
+
1
α2
− log(2α
√
β)− 1
2α2
(
1 +
α2
2
)
− 1
2α2
(
1 +
α2
2
)
− 3
2
E(logX) + E[log(X + β)]
= log
1√
2π
+
1
α2
− log(2α
√
β)− 1
α2
(
1 +
α2
2
)
− 3
2
E(logX)
+ E[log(X + β)]. ✭✸✳✼✮
❈♦♠ ❜❛s❡ ♥❛s n ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠✱ x(1), ..., x(n)✱ ❡ ✉t✐❧✐③❛♥❞♦ ❛ ❧❡✐ ❢♦rt❡ ❞♦s
❣r❛♥❞❡s ♥ú♠❡r♦s ❞❡ ❑♦❧♠♦❣♦r♦✈✱ ✈❡r ✭❏❛♠❡s✱ ✷✵✶✺✱ ♣✳ ✷✷✾✮✱ ♣♦❞❡♠♦s ❡st✐♠❛r ♦ ✈❛❧♦r
❞❛ ✐♥t❡❣r❛❧ ❞❛❞♦ ❡♠ ✭✸✳✼✮ ♣♦r∫ ∞
0
f 0(x) log f 0(x)dx = log
(
1√
2π
)
+
1
αˆ2
− log
(
2αˆ
√
βˆ
)
− 1
αˆ2
(
1 +
αˆ2
2
)
− 3
2n
n∑
i=1
log(x(i)) +
1
n
n∑
i=1
log(x(i) + βˆ). ✭✸✳✽✮
❆ss✐♠✱ s✉❜st✐t✉✐♥❞♦ ❛ ✐♥t❡❣r❛❧ ❡st✐♠❛❞❛ ❞❛❞❛ ❡♠ ✭✸✳✽✮ ♥❛ ❊①♣r❡ssã♦ ✭✸✳✻✮✱ ♦❜✲
t❡♠♦s ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑▲ ❡st✐♠❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♠♦❞❡❧♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✱ ✐st♦
é✱
Imn = −Hmn − log 1√
2π
− 1
αˆ2
+ log
(
2αˆ
√
βˆ
)
+
1
αˆ2
(
1 +
αˆ2
2
)
+
3
2n
n∑
i=1
log(x(i))
− 1
n
n∑
i=1
log(x(i) + βˆ).
❉❡ ❛❝♦r❞♦ ❝♦♠ ✭❆r✐③♦♥♦ ✫ ❖❤t❛✱ ✶✾✽✾✮✱ t❡♠♦s q✉❡ Imn ∈ [0;∞)✳ ❆ss✐♠✱ ♥♦
✐♥t✉✐t♦ ❞❡ ❢❛❝✐❧✐t❛r ❛ ♦❜t❡♥çã♦ ❞♦s ✈❛❧♦r❡s ❝rít✐❝♦s ♣❛r❛ ❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡✱ ✐r❡♠♦s
❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡ tr❛♥s❢♦r♠❛çã♦✿
KLmn =
1
exp{Imn} , ✭✸✳✾✮
❞❡ ♠♦❞♦ q✉❡ 0 ≤ KLmn ≤ 1✳ ❖❜s❡r✈❡ q✉❡ ❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ é ♠♦♥ót♦♥❛ ❝r❡s✲
❝❡♥t❡✱ ❛ss✐♠ ♥ã♦ t❡r❡♠♦s ♣r♦❜❧❡♠❛s ❡♠ ❢❛③❡r ❛ tr❛♥s❢♦r♠❛çã♦ ❛❝✐♠❛✳ ❉❡st❡ ♠♦❞♦✱ ❛
❊①♣r❡ssã♦ ✭✸✳✾✮ ❝♦♥st✐t✉✐ ✉♠❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ♣❛r❛ t❡st❛r ❛ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ❞❡
✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ♥ã♦✲❝❡♥s✉r❛❞♦s ❛♦ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✳
➱ ✐♠♣♦rt❛♥t❡ ❛t❡♥t❛r ❛♦ ❢❛t♦ ❞❡ q✉❡ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ = (α, β)⊤ t❡♠ q✉❡ s❡r
❡st✐♠❛❞♦ ❝♦♥s✐st❡♥t❡♠❡♥t❡✳ ❆ss✐♠✱ ❛ r❡❣r❛ ❞❡ ❞❡❝✐sã♦ s❡rá✿ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ H0 s❡
✹✷
KLmn ≤ KL∗mn(ρ)✱ ❡♠ q✉❡ KL∗mn(ρ) é ♦ ✈❛❧♦r ❝rít✐❝♦ ❞♦ t❡st❡ ❛♦ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛
ρ✳ ❈♦♠♦ ♥ã♦ t❡♠♦s ❛ ❞✐str✐❜✉✐çã♦ ❡①❛t❛ ❞❡ KLmn✱ ❡♥tã♦ ✈❛♠♦s ♦❜t❡r KL∗mn(ρ) ❛tr❛✈és
❞❡ s✐♠✉❧❛çã♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦✳
✸✳✸ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦
P❛r❛ ❛✈❛❧✐❛r ♦ t❡st❡ ♣r♦♣♦st♦✱ ❝♦♥❞✉③✐♠♦s ✉♠ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ ❜❛s❡❛❞♦ ♥♦
♠ét♦❞♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦✳ ❚♦❞❛s ❛s s✐♠✉❧❛çõ❡s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞❛s ♥♦ s♦❢t✇❛r❡ ❘✳
✸✳✸✳✶ ❱❛❧♦r❡s ❈rít✐❝♦s
P❛r❛ ♦❜t❡♥çã♦ ❞♦s ✈❛❧♦r❡s ❝rít✐❝♦s✱ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞❛s ✶✵✳✵✵✵ ré♣❧✐❝❛s ❞❡ ▼♦♥t❡
❈❛r❧♦ ❡ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ❛♠♦str❛✐s✳ ❚❛♠❜é♠ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s
♣❛r❛ ❛ ❥❛♥❡❧❛ m✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ✈❛❧♦r ❞❡ m ❛♣r♦♣r✐❛❞♦ s❡rá ❛q✉❡❧❡ q✉❡ r❡t♦r♥❛r ♦ ✈❛❧♦r
❝rít✐❝♦ ♠á①✐♠♦✱ ✈❡r ✭❆r✐③♦♥♦ ✫ ❖❤t❛✱ ✶✾✽✾✮✳ ❱❛❧❡ s❛❧✐❡♥t❛r q✉❡ ❝♦♥s✐❞❡r❛✲s❡ ❝♦♠♦
✈❛❧♦r❡s ❛♣r♦♣r✐❛❞♦s ❞❡ m ❛q✉❡❧❡s t❛✐s q✉❡ m < n/2✳ ❆❧é♠ ❞✐ss♦✱ ❢♦r❛♠ ❛❞♦t❛❞♦s ♦s
♥í✈❡✐s ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ♥♦♠✐♥❛✐s ❞❡ ρ = 0, 10 ❡ ρ = 0, 05✳
❆❧❣♦r✐t♠♦ ✷✿ ❖❜t❡♥çã♦ ❞♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❞♦ t❡st❡ ❛ ♣❛rt✐r ❞❛ ❞✐str✐❜✉✐çã♦
❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✱ ❝♦♥s✐❞❡r❛♥❞♦ ❞❛❞♦s ♥ã♦ ❝❡♥s✉r❛❞♦s✳
✶✳ ●❡r❛r ✶✵✳✵✵✵ ❛♠♦str❛s ❛❧❡❛tór✐❛s ❞❡ t❛♠❛♥❤♦ n ❛ ♣❛rt✐r ❞❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛
X ∼ ❇❙(α; β)❀
✷✳ ❊st✐♠❛r ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ = (α, β)⊤ ❝♦♥s✐st❡♥t❡♠❡♥t❡❀
✸✳ P❛r❛ ❝❛❞❛ ❛♠♦str❛✱ ♦❜t❡r ♦s ✈❛❧♦r❡s ❞❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ KLmn❀
✹✳ ❖r❞❡♥❛r ♦s ✈❛❧♦r❡s ❞❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ♦❜t✐❞♦s ♥♦ ♣❛ss♦ ❛♥t❡r✐♦r ❡ ❞❡t❡r♠✐♥❛r ♦s
q✉❛♥t✐s ❞❡ ♦r❞❡♠ ✶✵✪ ❡ ✺✪✱ ❡ ❡♥tã♦ ♦❜t❡r ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ♣❛r❛ ♦s r❡s♣❡❝t✐✈♦s ♥í✈❡✐s
❞❡ s✐❣♥✐✜❝â♥❝✐❛✳
❖s ✈❛❧♦r❡s ❝rít✐❝♦s ♦❜t✐❞♦s✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛s ❞✐str✐❜✉✐çõ❡s BS(0, 5; 1), BS(1; 1) ❡
BS(1, 5; 1)✱ ❡♥❝♦♥tr❛♠✲s❡ ❞✐s♣♦st♦s ♥❛s ❚❛❜❡❧❛s ✸✳✶✕✸✳✻✳
✹✸
❚❛❜❡❧❛ ✸✳✶✿ ❱❛❧♦r❡s ❝rít✐❝♦s ♣❛r❛ ❛ ❡st❛tíst✐❝❛ KLmn ❞❛❞❛ ❡♠ ✭✸✳✾✮✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦
♠♦❞❡❧♦ BS(0, 5; 1) ❡ ✉♠ ♥í✈❡❧ ❞❡ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳
❱❛❧♦r❡s ❞❡ m
n ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵
✸ ✵✱✸✶✵✶
✹ ✵✱✸✶✹✺
✺ ✵✱✸✺✸✺ ✵✱✹✻✶✺
✻ ✵✱✸✽✸✶ ✵✱✹✽✸✸
✼ ✵✱✹✶✸✵ ✵✱✺✵✻✹ ✵✱✺✶✹✵
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✶✵ ✵✱✹✼✻✸ ✵✱✺✼✸✵ ✵✱✺✼✽✾ ✵✱✺✻✻✶
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✶✻ ✵✱✺✺✺✾ ✵✱✻✺✹✼ ✵✱✻✻✽✶ ✵✱✻✻✵✸ ✵✱✻✹✺✽ ✵✱✻✷✼✷ ✵✱✻✵✼✼
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✶✵✵ ✵✳✻✽✺✻ ✵✳✽✵✽✾ ✵✳✽✺✵✷ ✵✳✽✻✾✾ ✵✳✽✽✷✹ ✵✳✽✽✾✺ ✵✳✽✾✸✻ ✵✳✽✾✼✷ ✵✳✽✾✽✽ ✵✳✾✵✶✷
❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r✳
✸✳✸✳✷ P♦❞❡r ❞♦ ❚❡st❡
P❛r❛ ❛✈❛❧✐❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ t❡st❡ ♣r♦♣♦st♦ ❡♠ t❡r♠♦s ❞❡ ♣♦❞❡r✱ ❝♦♥s✐❞❡r❛♠♦s
✈ár✐❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ ❛ ❤✐♣ót❡s❡ ❛❧t❡r♥❛t✐✈❛✱ ❞✐str✐❜✉✐çõ❡s ❡ss❛s
❝♦♠ ❢✉♥çõ❡s ❞❡ r✐s❝♦ ♠♦♥ót♦♥❛ ❝r❡s❝❡♥t❡✱ ❞❡❝r❡s❝❡♥t❡ ❡ ♥ã♦ ♠♦♥ót♦♥❛✳ ❆s ❞✐str✐❜✉✐çõ❡s
❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥s✐❞❡r❛❞❛s ♥❛ ❛✈❛❧✐❛çã♦ ❞♦ ♣♦❞❡r ❞♦ t❡st❡ ♣r♦♣♦st♦ ❢♦r❛♠✿
✹✾
• ●❛♠❛✱ ●❛♠❛(κ; θ)✱ ❝♦♠ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❛❞❛ ♣♦r
f(x;κ, θ) =
1
Γ(κ)θκ
xκ−1 exp
{
−x
θ
}
, x > 0, κ, θ > 0
❡ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡♥♦t❛❞❛ ♣♦r F1✳
• ❊①♣♦♥❡♥❝✐❛❧ ●❡♥❡r❛❧✐③❛❞❛✱ ●❊①♣(κ; θ)✱ ❝♦♠ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❛❞❛ ♣♦r
f(x;κ, θ) = κθx exp{−θx}(1− exp{−θx})κ−1, x > 0, κ, θ > 0.
❡ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡♥♦t❛❞❛ ♣♦r F2✳
• ❇❡t❛✱ ❇❡t❛(κ; θ)✱ ❝♦♠ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❛❞❛ ♣♦r
f(x;κ, θ) =
Γ(κ+ θ)
Γ(κ)Γ(θ)
xκ−1(1− x)θ−1, 0 < x < 1, κ, θ > 0.
❡ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡♥♦t❛❞❛ ♣♦r F3✳
• P❛r❡t♦ ❞♦ t✐♣♦ ■✱ P❛r❡t♦(κ; θ)✱ ❝♦♠ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❛❞❛ ♣♦r
f(x;κ, θ) =
κθκ
xκ+1
, x ∈ [θ,∞), κ, θ > 0.
❡ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡♥♦t❛❞❛ ♣♦r F4✳
• ❲❡✐❜✉❧❧✱ ❲❡✐❜✉❧❧(κ; θ)✱ ❝♦♠ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❛❞❛ ♣♦r
f(x;κ, θ) =
κ
θ
(x
θ
)κ−1
exp
{
−
(x
θ
)κ}
, x > 0, κ, θ > 0.
❡ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡♥♦t❛❞❛ ♣♦r F5✳
• ❍❛❧❢✲◆♦r♠❛❧✱ ❍◆(θ)✱ ❝♦♠ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❛❞❛ ♣♦r
f(x; θ) =
2θ
π
exp
{
−x
2θ2
π
}
, x ≥ 0, θ > 0.
❡ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡♥♦t❛❞❛ ♣♦r F6✳
❖ ♣♦❞❡r ❞♦ t❡st❡ é ❝❛❧❝✉❧❛❞♦ t❡♥❞♦ ❝♦♠♦ ❜❛s❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ t❡st❛r ❛s s❡❣✉✐♥t❡s
❤✐♣ót❡s❡s✿ 
 H0 : X ∼ BS(α, β)✱ ♣❛r❛ ❛❧❣✉♠ α > 0 ❡ β > 0H1 : X ∼ Fi(θ)✱ ❝♦♠ θ > 0 ❡ i = 1, 2, 3, 4, 5, 6 ✳
✺✵
◆♦ ♣r♦❝❡❞✐♠❡♥t♦✱ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞❛s ✶✵✳✵✵✵ ré♣❧✐❝❛s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❡ t❛♠❛♥❤♦s
❛♠♦str❛✐s ❞❡ n = 10, n = 30, n = 50 ❡ n = 100✳ ❖s ♣♦❞❡r❡s ❞♦s t❡st❡s ❢♦r❛♠
♦❜t✐❞♦s ❛♦s ♥í✈❡✐s ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ρ = 0, 10 ❡ ρ = 0, 05✳ P❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ n ❡ ❝❛❞❛
❞✐str✐❜✉✐çã♦ ❡♠ H1✱ ❝♦♠ ❞✐❢❡r❡♥t❡s ♣❛râ♠❡tr♦s✱ ❢♦r❛♠ ❣❡r❛❞❛s ❛s ✶✵✳✵✵✵ ❛♠♦str❛s ❡
❝❛❧❝✉❧❛❞♦s ♦s r❡s♣❡❝t✐✈♦s ✈❛❧♦r❡s ♣❛r❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ❛♣r❡s❡♥t❛❞❛ ❡♠ ✭✸✳✾✮✳ ❈♦♠
❜❛s❡ ♥♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❛♣r❡s❡♥t❛❞♦s ♥❛s ❚❛❜❡❧❛s ✸✳✸ ❡ ✸✳✹✱ ♦❜t✐✈❡♠♦s ❛s ♣r♦♣♦rçõ❡s
❞❡ r❡❥❡✐çõ❡s ❜❛s❡❛❞❛s ♥❛s ✶✵✳✵✵✵ ❛♠♦str❛s ❛❧❡❛tór✐❛s s✐♠✉❧❛❞❛s✱ ✐st♦ é✱ ♦ ♣♦❞❡r ❞♦ t❡st❡✳
❱❛❧❡ s❛❧✐❡♥t❛r ❛✐♥❞❛ q✉❡ ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❝♦♥s✐❞❡r❛❞♦s ❢♦r❛♠ ❛q✉❡❧❡s ❝✉❥♦ ✈❛❧♦r ❞❡ m
r❡t♦r♥❛ ♦ ✈❛❧♦r ❝rít✐❝♦ ♠á①✐♠♦✳
❆❧é♠ ❞❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ❛♣r❡s❡♥t❛❞❛ ❡♠ ✭✸✳✾✮✱ t❛♠❜é♠ ❢♦✐ ❛✈❛❧✐❛❞♦ ♦ ♣♦❞❡r
❞♦ t❡st❡ ❝♦♠ ❜❛s❡ ♥❛s ❡st❛tíst✐❝❛s ❞❡ ❈r❛♠ér✲✈♦♥ ▼✐s❡s ❡ ❞❡ ❆♥❞❡rs♦♥✲❉❛r❧✐♥❣✱ ❛♣r❡✲
s❡♥t❛❞❛s ♣❡❧❛s ❊①♣r❡ssõ❡s ✭✶✳✾✮ ❡ ✭✶✳✶✵✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é ❢❛③❡r ✉♠❛
❝♦♠♣❛r❛çã♦ ❡♥tr❡ ♦s t❡st❡s ❡ ✈❡r✐✜❝❛r ❡♠ q✉❛✐s s✐t✉❛çõ❡s ♦ t❡st❡ ❜❛s❡❛❞♦ ♥❛ ✐♥❢♦r♠❛çã♦
❞❡ ❑▲ é ♠❡❧❤♦r✱ ♥♦ s❡♥t✐❞♦ ❞❡ ❛♣r❡s❡♥t❛r ♠❛✐♦r ♣♦❞❡r✳
❆s ❚❛❜❡❧❛s ✸✳✼ ✕ ✸✳✶✷ ❛♣r❡s❡♥t❛♠ ♦s ♣♦❞❡r❡s ♣❛r❛ ♦s t❡st❡ ❡♠ q✉❡stã♦ ❝♦♠ t❛✲
♠❛♥❤♦ ❛♠♦str❛✐s ❞❡ n = 10, n = 30 ❡ n = 50✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❚❛❜❡❧❛ ✸✳✼✿ P♦❞❡r❡s ♣❛r❛ ❞✐❢❡r❡♥t❡s ❛❧t❡r♥❛t✐✈❛s ❞❡ ❢✉♥çã♦ ❞❡ r✐s❝♦ ❡ ❞✐❢❡r❡♥t❡s ❞✐str✐✲
❜✉✐çõ❡s ❛♦ ♥í✈❡❧ ❞❡ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✱ ❝♦♥s✐❞❡r❛♥❞♦ t❛♠❛♥❤♦ ❛♠♦str❛❧ n = 10✳
❚✐♣♦ ❞❛ ❋✉♥çã♦ ❞❡ ❘✐s❝♦ ❆❧t❡r♥❛t✐✈❛s ✭s♦❜ H1✮ KLmn W 2 A2
▼♦♥ót♦♥❛ ❈r❡s❝❡♥t❡ ●❛♠❛(3; 1) ✵✱✷✺✼✶ ✵✱✶✺✸✽ ✵✱✶✻✵✹
●❊①♣(3; 1) ✵✱✷✷✼✹ ✵✱✶✹✸✻ ✵✱✶✺✵✶
❇❡t❛(2; 1) ✵✱✽✵✼✷ ✵✱✺✵✼✹ ✵✱✺✸✾✸
▼♦♥ót♦♥❛ ❉❡❝r❡s❝❡♥t❡ ●❛♠❛(0, 5; 1) ✵✱✵✻✷✸ ✵✱✶✼✵✸ ✵✱✶✽✹✼
●❊①♣(0, 5; 1) ✵✱✵✻✺✺ ✵✱✶✽✵✹ ✵✱✶✾✷✼
◆ã♦ ▼♦♥ót♦♥❛ P❛r❡t♦(2; 1) ✵✱✻✹✹✸ ✵✱✺✵✽✾ ✵✱✺✹✷✹
❲❡✐❜✉❧❧(2; 1) ✵✱✸✼✹✸ ✵✱✷✸✺✼ ✵✱✷✹✻✺
❍◆(3) ✵✱✸✹✷✻ ✵✱✸✶✵✹ ✵✱✸✸✺✸
✺✶
❚❛❜❡❧❛ ✸✳✽✿ P♦❞❡r❡s ♣❛r❛ ❞✐❢❡r❡♥t❡s ❛❧t❡r♥❛t✐✈❛s ❞❡ ❢✉♥çã♦ ❞❡ r✐s❝♦ ❡ ❞✐❢❡r❡♥t❡s ❞✐str✐✲
❜✉✐çõ❡s ❛♦ ♥í✈❡❧ ❞❡ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✱ ❝♦♥s✐❞❡r❛♥❞♦ t❛♠❛♥❤♦ ❛♠♦str❛❧ n = 10✳
❚✐♣♦ ❞❛ ❋✉♥çã♦ ❞❡ ❘✐s❝♦ ❆❧t❡r♥❛t✐✈❛s ✭s♦❜ H1✮ KLmn W 2 A2
▼♦♥ót♦♥❛ ❈r❡s❝❡♥t❡ ●❛♠❛(3; 1) ✵✱✶✺✸✹ ✵✱✵✽✼✸ ✵✱✵✾✸✼
●❊①♣(3; 1) ✵✱✶✷✽✽ ✵✱✵✽✵✺ ✵✱✵✽✷✺
❇❡t❛(2; 1) ✵✱✻✽✹✶ ✵✱✸✾✼✵ ✵✱✹✷✽✷
▼♦♥ót♦♥❛ ❉❡❝r❡s❝❡♥t❡ ●❛♠❛(0, 5; 1) ✵✱✵✸✼✻ ✵✱✵✽✾✵ ✵✱✵✾✺✾
●❊①♣(0, 5; 1) ✵✱✵✹✷✽ ✵✱✵✾✸✽ ✵✱✶✵✷✺
◆ã♦ ▼♦♥ót♦♥❛ P❛r❡t♦(2; 1) ✵✱✹✼✹✽ ✵✱✹✵✼✵ ✵✱✹✸✹✷
❲❡✐❜✉❧❧(2; 1) ✵✱✷✹✵✺ ✵✱✶✺✵✼ ✵✱✶✻✶✼
❍◆(3) ✵✱✷✹✸✹ ✵✱✷✵✾✻ ✵✱✷✷✾✽
❚❛❜❡❧❛ ✸✳✾✿ P♦❞❡r❡s ♣❛r❛ ❞✐❢❡r❡♥t❡s ❛❧t❡r♥❛t✐✈❛s ❞❡ ❢✉♥çã♦ ❞❡ r✐s❝♦ ❡ ❞✐❢❡r❡♥t❡s ❞✐str✐✲
❜✉✐çõ❡s ❛♦ ♥í✈❡❧ ❞❡ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✱ ❝♦♥s✐❞❡r❛♥❞♦ t❛♠❛♥❤♦ ❛♠♦str❛❧ n = 30✳
❚✐♣♦ ❞❛ ❋✉♥çã♦ ❞❡ ❘✐s❝♦ ❆❧t❡r♥❛t✐✈❛s ✭s♦❜ H1✮ KLmn W 2 A2
▼♦♥ót♦♥❛ ❈r❡s❝❡♥t❡ ●❛♠❛(3; 1) ✵✱✸✽✵✾ ✵✱✷✼✹✾ ✵✱✷✾✽✽
●❊①♣(3; 1) ✵✱✸✵✾✶ ✵✱✷✹✷✸ ✵✱✷✺✾✶
❇❡t❛(2; 1) ✵✱✾✾✾✺ ✵✱✾✹✷✽ ✵✱✾✻✻✽
▼♦♥ót♦♥❛ ❉❡❝r❡s❝❡♥t❡ ●❛♠❛(0, 5; 1) ✵✱✹✵✺✻ ✵✱✺✽✹✸ ✵✱✼✶✾✶
●❊①♣(0, 5; 1) ✵✱✹✷✷✺ ✵✱✺✽✹✹ ✵✱✼✷✵✸
◆ã♦ ▼♦♥ót♦♥❛ P❛r❡t♦(2; 1) ✵✱✾✾✶✵ ✵✱✾✹✻✷ ✵✱✾✻✾✸
❲❡✐❜✉❧❧(2; 1) ✵✱✻✻✵✷ ✵✱✺✶✺✼ ✵✱✺✺✸✾
❍◆(3) ✵✱✼✾✽✼ ✵✱✼✹✸✸ ✵✱✼✽✶✷
❚❛❜❡❧❛ ✸✳✶✵✿ P♦❞❡r❡s ♣❛r❛ ❞✐❢❡r❡♥t❡s ❛❧t❡r♥❛t✐✈❛s ❞❡ ❢✉♥çã♦ ❞❡ r✐s❝♦ ❡ ❞✐❢❡r❡♥t❡s ❞✐str✐✲
❜✉✐çõ❡s ❛♦ ♥í✈❡❧ ❞❡ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✱ ❝♦♥s✐❞❡r❛♥❞♦ t❛♠❛♥❤♦ ❛♠♦str❛❧ n = 30✳
❚✐♣♦ ❞❛ ❋✉♥çã♦ ❞❡ ❘✐s❝♦ ❆❧t❡r♥❛t✐✈❛s ✭s♦❜ H1✮ KLmn W 2 A2
▼♦♥ót♦♥❛ ❈r❡s❝❡♥t❡ ●❛♠❛(3; 1) ✵✱✷✻✺✻ ✵✱✶✽✺✻ ✵✱✷✵✽✷
●❊①♣(3; 1) ✵✱✷✵✺✵ ✵✱✶✺✹✹ ✵✱✶✼✶✾
❇❡t❛(2; 1) ✵✱✾✾✼✵ ✵✱✾✵✺✸ ✵✱✾✸✽✽
▼♦♥ót♦♥❛ ❉❡❝r❡s❝❡♥t❡ ●❛♠❛(0, 5; 1) ✵✱✸✹✻✺ ✵✱✸✾✺✾ ✵✱✺✸✹✸
●❊①♣(0, 5; 1) ✵✱✸✻✸✽ ✵✱✸✾✸✼ ✵✱✺✹✹✷
◆ã♦ ▼♦♥ót♦♥❛ P❛r❡t♦(2; 1) ✵✱✾✼✻✼ ✵✱✾✵✸✾ ✵✱✾✸✻✺
❲❡✐❜✉❧❧(2; 1) ✵✱✺✹✺✽ ✵✱✹✶✼✷ ✵✱✹✺✺✾
❍◆(3) ✵✱✼✶✻✹ ✵✱✻✺✼✻ ✵✱✻✾✽✼
✺✷
❚❛❜❡❧❛ ✸✳✶✶✿ P♦❞❡r❡s ♣❛r❛ ❞✐❢❡r❡♥t❡s ❛❧t❡r♥❛t✐✈❛s ❞❡ ❢✉♥çã♦ ❞❡ r✐s❝♦ ❡ ❞✐❢❡r❡♥t❡s ❞✐str✐✲
❜✉✐çõ❡s ❛♦ ♥í✈❡❧ ❞❡ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✱ ❝♦♥s✐❞❡r❛♥❞♦ t❛♠❛♥❤♦ ❛♠♦str❛❧ n = 50✳
❚✐♣♦ ❞❛ ❋✉♥çã♦ ❞❡ ❘✐s❝♦ ❆❧t❡r♥❛t✐✈❛s ✭s♦❜ H1✮ KLmn W 2 A2
▼♦♥ót♦♥❛ ❈r❡s❝❡♥t❡ ●❛♠❛(3; 1) ✵✱✹✼✵✼ ✵✱✸✼✻✺ ✵✱✹✶✶✷
●❊①♣(3; 1) ✵✱✸✼✽✼ ✵✱✸✶✹✻ ✵✱✸✹✸✷
❇❡t❛(2; 1) ✶✱✵✵✵✵ ✵✱✾✾✻✶ ✵✱✾✾✾✸
▼♦♥ót♦♥❛ ❉❡❝r❡s❝❡♥t❡ ●❛♠❛(0, 5; 1) ✵✱✼✵✾✹ ✵✱✽✻✵✻ ✵✱✾✷✾✺
●❊①♣(0, 5; 1) ✵✱✼✷✼✹ ✵✱✽✻✶✼ ✵✱✾✸✼✾
◆ã♦ ▼♦♥ót♦♥❛ P❛r❡t♦(2; 1) ✵✱✾✾✾✼ ✵✱✾✾✻✺ ✵✱✾✾✽✹
❲❡✐❜✉❧❧(2; 1) ✵✱✽✶✹✻ ✵✱✼✶✷✻ ✵✱✼✺✾✵
❍◆(3) ✵✱✾✸✼✾ ✵✱✾✶✶✵ ✵✱✾✸✸✹
❚❛❜❡❧❛ ✸✳✶✷✿ P♦❞❡r❡s ♣❛r❛ ❞✐❢❡r❡♥t❡s ❛❧t❡r♥❛t✐✈❛s ❞❡ ❢✉♥çã♦ ❞❡ r✐s❝♦ ❡ ❞✐❢❡r❡♥t❡s ❞✐str✐✲
❜✉✐çõ❡s ❛♦ ♥í✈❡❧ ❞❡ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✱ ❝♦♥s✐❞❡r❛♥❞♦ t❛♠❛♥❤♦ ❛♠♦str❛❧ n = 50✳
❚✐♣♦ ❞❛ ❋✉♥çã♦ ❞❡ ❘✐s❝♦ ❆❧t❡r♥❛t✐✈❛s ✭s♦❜ H1✮ KLmn W 2 A2
▼♦♥ót♦♥❛ ❈r❡s❝❡♥t❡ ●❛♠❛(3; 1) ✵✱✸✺✼✺ ✵✱✷✼✼✹ ✵✱✸✵✾✾
●❊①♣(3; 1) ✵✱✷✼✶✻ ✵✱✷✶✽✼ ✵✱✷✹✾✽
❇❡t❛(2; 1) ✶✱✵✵✵✵ ✵✱✾✾✵✺ ✵✱✾✾✻✺
▼♦♥ót♦♥❛ ❉❡❝r❡s❝❡♥t❡ ●❛♠❛(0, 5; 1) ✵✱✻✻✷✷ ✵✱✼✸✻✾ ✵✱✽✼✶✶
●❊①♣(0, 5; 1) ✵✱✻✼✼✾ ✵✱✼✸✾✹ ✵✱✽✼✹✽
◆ã♦ ▼♦♥ót♦♥❛ P❛r❡t♦(2; 1) ✵✱✾✾✾✸ ✵✱✾✾✷✷ ✵✱✾✾✼✵
❲❡✐❜✉❧❧(2; 1) ✵✱✼✸✶✼ ✵✱✻✶✾✵ ✵✱✻✻✼✶
❍◆(3) ✵✱✾✵✷✻ ✵✱✽✼✵✶ ✵✱✽✾✾✾
❆s ❝♦♥❝❧✉sõ❡s s♦❜r❡ ❡st❡ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ sã♦ ❛s s❡❣✉✐♥t❡s✿ ♦ t❡st❡ ❞❡ ❜♦♥❞❛❞❡
❞❡ ❛❥✉st❡ ❜❛s❡❛❞♦ ♥❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r t❡♠ ♣♦❞❡r❡s ♠❡❧❤♦r❡s q✉❛♥❞♦
❝♦♠♣❛r❛❞♦ ❝♦♠ ♦s ♣♦❞❡r❡s ❞♦s t❡st❡s ❝❧áss✐❝♦s✱ s❛❧✈♦ q✉❛♥❞♦ ❛ ❢✉♥çã♦ ❞❡ r✐s❝♦ s♦❜
❤✐♣ót❡s❡ ❛❧t❡r♥❛t✐✈❛ é ♠♦♥ót♦♥❛ ❞❡❝r❡s❝❡♥t❡✳ ❖ ❢❛t♦ é q✉❡ q✉❛♥❞♦ ❛ ❢✉♥çã♦ ❞❡ r✐s❝♦ s♦❜
❤✐♣ót❡s❡ ❛❧t❡r♥❛t✐✈❛ t❡♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♠♦♥ót♦♥♦ ❞❡❝r❡s❝❡♥t❡✱ t❛❧ ❢✉♥çã♦ s❡ ❛♣r♦①✐♠❛
♠✉✐t♦ ❞❛ ❢✉♥çã♦ ❞❡ r✐s❝♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ♦ t❡st❡
♣r♦♣♦st♦ t❡♥❤❛ ❞✐✜❝✉❧❞❛❞❡ ❡♠ ❞❡t❡❝t❛r ❞✐❢❡r❡♥ç❛s ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❛s ❢✉♥çõ❡s✳
◆❛s ❞❡♠❛✐s s✐t✉❛çõ❡s ✭❝♦♥s✐❞❡r❛♥❞♦ s♦❜ ❤✐♣ót❡s❡ ❛❧t❡r♥❛t✐✈❛ ♠♦❞❡❧♦s ❝✉❥❛s ❢✉♥çõ❡s ❞❡
r✐s❝♦ sã♦ ♠♦♥ót♦♥❛s ❝r❡s❝❡♥t❡s ♦✉ ♥ã♦ ♠♦♥ót♦♥❛s✮ t❡♠♦s ✉♠ ❣❛♥❤♦ ❝♦♥s✐❞❡rá✈❡❧ ♥♦s
♣♦❞❡r❡s ❞♦ t❡st❡ q✉❛♥❞♦ ❛❞♦t❛♠♦s ❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ❜❛s❡❛❞❛ ♥❛ ✐♥❢♦r♠❛çã♦ ❞❡
❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r✳ ❆❧é♠ ❞✐ss♦✱ à ♠❡❞✐❞❛ q✉❡ ♦ t❛♠❛♥❤♦ ❛♠♦str❛❧ ❛✉♠❡♥t❛✱ ♦ ♣♦❞❡r ❞♦
✺✸
t❡st❡ t❛♠❜é♠ ❛✉♠❡♥t❛✳
✸✳✹ ❆♣❧✐❝❛çõ❡s
◆❡st❛ s❡çã♦✱ ❢❛r❡♠♦s três ❛♣❧✐❝❛çõ❡s ❝♦♠ ❜❛s❡ ❡♠ ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s ♦❜t✐❞♦s ❡♠
✭❇✐r♥❜❛✉♠ ✫ ❙❛✉♥❞❡rs✱ ✶✾✻✾❜✮✳
✸✳✹✳✶ ❆♣❧✐❝❛çã♦ ✶
✭❇✐r♥❜❛✉♠ ✫ ❙❛✉♥❞❡rs✱ ✶✾✻✾❜✮ r❡♣♦rt❛r❛♠ ✶✵✷ ❞❛❞♦s ❞❡ ❢❛❞✐❣❛ ❞❡ ✈✐❞❛ ❝♦rr❡s✲
♣♦♥❞❡♥t❡ ❛♦s ❝✐❝❧♦s ✭×10−3✮ ❞❛s ❛♠♦str❛s ❞❡ ❛❧✉♠í♥✐♦ ❞♦ t✐♣♦ ✻✵✻✶✲❚✻✳ ❊st❡s ❡s♣é❝✐♠❡s
❢♦r❛♠ ❝♦rt❛❞♦s ❡♠ ✉♠ â♥❣✉❧♦ ♣❛r❛❧❡❧♦ ❛♦ s❡♥t✐❞♦ ❞❡ r♦t❛çã♦ ❡ ♦s❝✐❧❛çã♦ ❞❡ ✶✽ ❝✐❝❧♦s
♣♦r s❡❣✉♥❞♦✳ ❊❧❡s ❢♦r❛♠ ❡①♣♦st♦s ❛ ✉♠❛ ♣r❡ssã♦ ❝♦♠ t❡♥sã♦ ♠á①✐♠❛ ❞❡ ✷✻✳✵✵✵ ♣s✐
✭❧✐❜r❛s ♣♦r ♣♦❧❡❣❛❞❛ q✉❛❞r❛❞❛✮✳ ❖s ❞❛❞♦s ❡stã♦ ♥❛ ❚❛❜❡❧❛ ✸✳✶✸✳
❚❛❜❡❧❛ ✸✳✶✸✿ ❚❡♠♣♦s ❞❡ ✈✐❞❛ ❞❡ ❛❧✉♠í♥✐♦✱ ❡①♣♦st♦s ❛ ✉♠❛ t❡♥sã♦ ♠á①✐♠❛ ❞❡ ✷✻✳✵✵✵
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◗✉❡r❡♠♦s t❡st❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ❛ ❛♠♦str❛ ❛♣r❡s❡♥t❛❞❛ ♥❛ ❚❛❜❡❧❛ ✸✳✶✸
s❡❣✉❡ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✳ ❆s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦✱ αˆ =
0, 1614 ❡ βˆ = 392, 7622✳ ❖ ✈❛❧♦r ♦❜s❡r✈❛❞♦ ♣❛r❛ ❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ❢♦✐ klmn = 0, 9270✱
❞❡ ♠♦❞♦ q✉❡ ♦ ✈❛❧♦r ❝rít✐❝♦ ♣❛r❛ ❡st❡ ❝❛s♦ é KL∗mn(ρ) = 0, 8834✱ ❛♦ ♥í✈❡❧ ❞❡ ✺✪ ❞❡
s✐❣♥✐✜❝â♥❝✐❛✳ ▲♦❣♦✱ ♥ã♦ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ♦s ❞❛❞♦s s❡❣✉❡♠ ❞✐str✐❜✉✐çã♦
❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ❛♦ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ρ = 0, 05✳ ❆ ❋✐❣✉r❛ ✸✳✶ ❝♦♠♣❛r❛ ❛ ❢✉♥çã♦
❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❝♦♠ à t❡ór✐❝❛✳ P♦❞❡♠♦s ♦❜s❡r✈❛r ♣♦r ❡ss❛ ✜❣✉r❛ q✉❡ ❛s ❢✉♥çõ❡s
❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❡ t❡ór✐❝❛ ❡stã♦ ❜❡♠ ♣ró①✐♠❛s✱ ♦ q✉❡ r❡❢♦rç❛ ❛ ❝♦♥❝❧✉sã♦ ♦❜t✐❞❛
♥♦ t❡st❡✳
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❋✐❣✉r❛ ✸✳✶✿ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s ❢✉♥çõ❡s ❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❡ t❡ór✐❝❛ ♣❛r❛ ♦s
❞❛❞♦s ❞❡ t❡♠♣♦s ❞❡ ✈✐❞❛ ❞❡ ❛❧✉♠í♥✐♦✱ ❡①♣♦st♦s ❛ ✉♠❛ t❡♥sã♦ ♠á①✐♠❛ ❞❡ ✷✻✳✵✵✵ ♣s✐✳
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✭❇✐r♥❜❛✉♠ ✫ ❙❛✉♥❞❡rs✱ ✶✾✻✾❜✮ r❡♣♦rt❛r❛♠ ✶✵✶ ❞❛❞♦s ❞❡ ❢❛❞✐❣❛ ❞❡ ✈✐❞❛ ❝♦rr❡s✲
♣♦♥❞❡♥t❡ ❛♦s ❝✐❝❧♦s ✭×10−3✮ ❞❛s ❛♠♦str❛s ❞❡ ❛❧✉♠í♥✐♦ ❞♦ t✐♣♦ ✻✵✻✶✲❚✻✳ ❊st❡s ❡s♣é❝✐♠❡s
❢♦r❛♠ ❝♦rt❛❞♦s ❡♠ ✉♠ â♥❣✉❧♦ ♣❛r❛❧❡❧♦ ❛♦ s❡♥t✐❞♦ ❞❡ r♦t❛çã♦ ❡ ♦s❝✐❧❛çã♦ ❞❡ ✶✽ ❝✐❝❧♦s
♣♦r s❡❣✉♥❞♦✳ ❊❧❡s ❢♦r❛♠ ❡①♣♦st♦s ❛ ✉♠❛ ♣r❡ssã♦ ❝♦♠ t❡♥sã♦ ♠á①✐♠❛ ❞❡ ✸✶✳✵✵✵ ♣s✐
✭❧✐❜r❛s ♣♦r ♣♦❧❡❣❛❞❛ q✉❛❞r❛❞❛✮✳ ❖s ❞❛❞♦s ❡stã♦ ♥❛ ❚❛❜❡❧❛ ✸✳✶✹
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◆♦ss♦ ♦❜❥❡t✐✈♦ é t❡st❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ❛ ❛♠♦str❛ ❛♣r❡s❡♥t❛❞❛ ♥❛ ❚❛❜❡❧❛
✸✳✶✹ s❡❣✉❡ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✳ ❆s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦✱
✺✺
αˆ = 0, 1702 ❡ βˆ = 131, 8184✳ ❖ ✈❛❧♦r ♦❜s❡r✈❛❞♦ ♣❛r❛ ❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ❢♦✐ klmn =
0, 9478✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ✈❛❧♦r ❝rít✐❝♦ ♣❛r❛ ❡st❡ ❝❛s♦ é KL∗mn(ρ) = 0, 8824✱ ❛♦ ♥í✈❡❧ ❞❡ ✺✪
❞❡ s✐❣♥✐✜❝â♥❝✐❛✳ ▲♦❣♦✱ ♥ã♦ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ♦s ❞❛❞♦s s❡❣✉❡♠ ❞✐str✐❜✉✐çã♦
❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ❛♦ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ρ = 0, 05✳ ❆ ❋✐❣✉r❛ ✸✳✷ ❝♦♠♣❛r❛ ❛ ❢✉♥çã♦
❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❝♦♠ à t❡ór✐❝❛✳ P♦❞❡♠♦s ♦❜s❡r✈❛r ♣♦r ❡ss❛ ✜❣✉r❛ q✉❡ ❛s ❢✉♥çõ❡s
❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❡ t❡ór✐❝❛ ❡stã♦ ❜❡♠ ♣ró①✐♠❛s✱ ♦ q✉❡ r❡❢♦rç❛ ❛ ❝♦♥❝❧✉sã♦ ♦❜t✐❞❛
♥♦ t❡st❡✳
❋✐❣✉r❛ ✸✳✷✿ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s ❢✉♥çõ❡s ❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❡ t❡ór✐❝❛ ♣❛r❛ ♦s
❞❛❞♦s ❞❡ t❡♠♣♦s ❞❡ ✈✐❞❛ ❞❡ ❛❧✉♠í♥✐♦✱ ❡①♣♦st♦s ❛ ✉♠❛ t❡♥sã♦ ♠á①✐♠❛ ❞❡ ✸✶✳✵✵✵ ♣s✐✳
❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r✳
✸✳✹✳✸ ❆♣❧✐❝❛çã♦ ✸
✭❇✐r♥❜❛✉♠ ✫ ❙❛✉♥❞❡rs✱ ✶✾✻✾❜✮ r❡♣♦rt❛r❛♠ ✶✵✶ ❞❛❞♦s ❞❡ ❢❛❞✐❣❛ ❞❡ ✈✐❞❛ ❝♦rr❡s✲
♣♦♥❞❡♥t❡ ❛♦s ❝✐❝❧♦s ✭×10−3✮ ❞❛s ❛♠♦str❛s ❞❡ ❛❧✉♠í♥✐♦ ❞♦ t✐♣♦ ✻✵✻✶✲❚✻✳ ❊st❡s ❡s♣é❝✐♠❡s
❢♦r❛♠ ❝♦rt❛❞♦s ❡♠ ✉♠ â♥❣✉❧♦ ♣❛r❛❧❡❧♦ ❛♦ s❡♥t✐❞♦ ❞❡ r♦t❛çã♦ ❡ ♦s❝✐❧❛çã♦ ❞❡ ✶✽ ❝✐❝❧♦s
♣♦r s❡❣✉♥❞♦✳ ❊❧❡s ❢♦r❛♠ ❡①♣♦st♦s ❛ ✉♠❛ ♣r❡ssã♦ ❝♦♠ t❡♥sã♦ ♠á①✐♠❛ ❞❡ ✷✶✳✵✵✵ ♣s✐
✭❧✐❜r❛s ♣♦r ♣♦❧❡❣❛❞❛ q✉❛❞r❛❞❛✮✳ ❖s ❞❛❞♦s ❡stã♦ ♥❛ ❚❛❜❡❧❛ ✸✳✶✺✳
◆♦✈❛♠❡♥t❡✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é t❡st❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ❛ ❛♠♦str❛ ❛♣r❡s❡♥t❛❞❛
♥❛ ❚❛❜❡❧❛ ✸✳✶✺ s❡❣✉❡ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✳ ❆s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s
❞♦ ♠♦❞❡❧♦✱ αˆ = 0, 3101 ❡ βˆ = 1336, 27✳ ❖ ✈❛❧♦r ♦❜s❡r✈❛❞♦ ♣❛r❛ ❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡
❢♦✐ klmn = 0, 9008✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ✈❛❧♦r ❝rít✐❝♦ ♣❛r❛ ❡st❡ ❝❛s♦ é KL∗mn(ρ) = 0, 8839✱
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✶✶✷✵ ✶✶✸✹ ✶✶✹✵ ✶✶✾✾ ✶✷✵✵ ✶✷✵✵ ✶✷✵✸ ✶✷✷✷ ✶✷✸✺ ✶✷✸✽ ✶✷✺✷ ✶✷✺✽ ✶✷✻✷
✶✷✻✾ ✶✷✼✵ ✶✷✾✵ ✶✷✾✸ ✶✸✵✵ ✶✸✶✵ ✶✸✶✸ ✶✸✶✺ ✶✸✸✵ ✶✸✺✺ ✶✸✾✵ ✶✹✶✻ ✶✹✶✾
✶✹✷✵ ✶✹✷✵ ✶✹✺✵ ✶✹✺✷ ✶✹✼✺ ✶✹✼✽ ✶✹✽✶ ✶✹✽✺ ✶✺✵✷ ✶✺✵✺ ✶✺✶✸ ✶✺✷✷ ✶✺✷✷
✶✺✸✵ ✶✺✹✵ ✶✺✻✵ ✶✺✻✼ ✶✺✼✽ ✶✺✾✹ ✶✻✵✷ ✶✻✵✹ ✶✻✵✽ ✶✻✸✵ ✶✻✹✷ ✶✻✼✹ ✶✼✸✵
✶✼✺✵ ✶✼✺✵ ✶✼✻✸ ✶✼✻✽ ✶✼✽✶ ✶✼✽✷ ✶✼✾✷ ✶✽✷✵ ✶✽✻✽ ✶✽✽✶ ✶✽✾✵ ✶✽✾✸ ✶✽✾✺
✶✾✶✵ ✶✾✷✸ ✶✾✷✹ ✶✾✹✺ ✷✵✷✸ ✷✶✵✵ ✷✶✸✵ ✷✷✶✺ ✷✷✻✽ ✷✹✹✵
❛♦ ♥í✈❡❧ ❞❡ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳ ▲♦❣♦✱ ♥ã♦ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ♦s ❞❛❞♦s
s❡❣✉❡♠ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ❛♦ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ρ = 0, 05✳ ❆ ❋✐❣✉r❛
✸✳✸ ❝♦♠♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❝♦♠ à t❡ór✐❝❛✳ P♦❞❡♠♦s ♦❜s❡r✈❛r ♣♦r
❡ss❛ ✜❣✉r❛ q✉❡ ❛s ❢✉♥çõ❡s ❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❡ t❡ór✐❝❛ ❡stã♦ ❜❡♠ ♣ró①✐♠❛s✱ ♦ q✉❡
r❡❢♦rç❛ ❛ ❝♦♥❝❧✉sã♦ ♦❜t✐❞❛ ♥♦ t❡st❡✳
❋✐❣✉r❛ ✸✳✸✿ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s ❢✉♥çõ❡s ❞❡ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❡ t❡ór✐❝❛ ♣❛r❛ ♦s
❞❛❞♦s ❞❡ t❡♠♣♦s ❞❡ ✈✐❞❛ ❞❡ ❛❧✉♠í♥✐♦✱ ❡①♣♦st♦s ❛ ✉♠❛ t❡♥sã♦ ♠á①✐♠❛ ❞❡ ✷✶✳✵✵✵ ♣s✐✳
❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r✳
❈❛♣ít✉❧♦ ✹
❚❡st❡ ❞❡ ❇♦♥❞❛❞❡ ❞❡ ❆❥✉st❡ ♣❛r❛
❉✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs
❇❛s❡❛❞♦ ♥❛ ■♥❢♦r♠❛çã♦ ❞❡
❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ♣❛r❛ ❉❛❞♦s ❝♦♠
❈❡♥s✉r❛ Pr♦❣r❡ss✐✈❛ ❞♦ ❚✐♣♦ ■■
◆❡st❡ ❝❛♣ít✉❧♦✱ ✐r❡♠♦s ♣r♦♣♦r ✉♠ t❡st❡ ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦
❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✱ ❞❡ ♠♦❞♦ q✉❡ t❛❧ t❡st❡ s❡rá ❜❛s❡❛❞♦ ♥❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲
▲❡✐❜❧❡r ❡ ♦s ❞❛❞♦s t❡rã♦ ❛ ♣r❡s❡♥ç❛ ❞❡ ❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛ ❞♦ ❚✐♣♦ ■■✳
✹✳✶ ■♥tr♦❞✉çã♦
❉❛❞♦s r❡s✉❧t❛♥t❡s ❞❡ ❡①♣❡r✐♠❡♥t♦s ❝♦♠ t❡♠♣♦s ❞❡ ✈✐❞❛ ❡ ❞❡ r❡❛❜✐❧✐t❛çã♦ sã♦ ❢r❡✲
q✉❡♥t❡♠❡♥t❡ ❝❡♥s✉r❛❞♦s ❞❡✈✐❞♦ ❛ ❞✐✈❡rs♦s ❢❛t♦r❡s✱ ❝♦♠♦ ♦ ❛❧t♦ ❝✉st♦ ✜♥❛♥❝❡✐r♦ ❡ ♦
t❡♠♣♦ ❝✉rt♦✳ ◆❡ss❛ ✈❡rt❡♥t❡✱ ❛s ❝❡♥s✉r❛s ❞♦ t✐♣♦ ■ ❡ ■■ sã♦ ❛s ❢♦r♠❛s ♠❛✐s ❝♦♠✉♥s✳
◆♦s ú❧t✐♠♦s ❛♥♦s✱ ❛ ❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛ t❡♠ s✐❞♦ ❜❛st❛♥t❡ ❡st✉❞❛❞❛✱ ❞❡✈✐❞♦ ❛♦ ❢❛t♦
❞❛ ♠❡s♠❛ s❡r ♠❛✐s ✢❡①í✈❡❧ ❡ ❡✜❝✐❡♥t❡ ♣❡❧♦ ❢❛t♦ ❞❡ ♦t✐♠✐③❛r ♦ t❡♠♣♦ ❞♦ ❡①♣❡r✐♠❡♥t♦
❡ s❡r ♠❛✐s ❜❛r❛t❛✳ ❊①✐st❡♠ ♥❛ ❧✐t❡r❛t✉r❛ ❛❧❣✉♥s t❡st❡s ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ✉s❛♥❞♦
❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛ ❞♦ t✐♣♦ ■■✱ ❛ s❛❜❡r✿ ✭❇❛❧❛❦r✐s❤♥❛♥ ❡t ❛❧✳✱ ✷✵✵✼✮✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛
❞✐str✐❜✉✐çã♦ ❡①♣♦♥❡♥❝✐❛❧✱ ✭❇r✐t♦✱ ✷✵✶✹✮ ❡ ✭❈❛str♦✲❑✉r✐ss ❡t ❛❧✳✱ ✷✵✶✵✮✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛
✺✽
❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✳ ❆ s❡❣✉✐r✱ ✐r❡♠♦s ♦❜t❡r ✉♠ t❡st❡ ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ♣❛r❛ ❞✐str✐✲
❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs ❜❛s❡❛❞♦ ♥❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r✱ ❝♦♥s✐❞❡r❛♥❞♦
❞❛❞♦s ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞♦s ❞♦ t✐♣♦ ■■✳
✹✳✷ ❊♥tr♦♣✐❛ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲
▲❡✐❜❧❡r ❝♦♠ ❈❡♥s✉r❛ Pr♦❣r❡ss✐✈❛ ❞♦ ❚✐♣♦ ■■
❆ ❞❡✜♥✐çã♦ ❞❛ ❡♥tr♦♣✐❛ ❞✐❢❡r❡♥❝✐❛❧ ❡ ❞❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❢♦✐ ✈✐st❛
♥❛ ❙❡çã♦ ✸✳✶✱ ♥♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ❞❛❞♦s ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥✲
s✉r❛❞♦s ❞♦ t✐♣♦ ■■✱ ❡ss❛s ♠❡❞✐❞❛s ✐rã♦ s♦❢r❡r ❛❧❣✉♠❛s ❛❞❛♣t❛çõ❡s✳
❉❡✜♥✐çã♦ ✹✳✶ ❈♦♥s✐❞❡r❡♠♦s q✉❡ X1:m:n, ..., Xm:m:n sã♦ ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠ ♣r♦❣r❡s✲
s✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛s ❞♦ t✐♣♦ ■■ ❛ss✉♠✐♥❞♦ ♦s r❡s♣❡❝t✐✈♦s ✈❛❧♦r❡s x1, ..., xm✱ ❡♠ q✉❡
n ❡ m sã♦ t❛✐s ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❙❡çã♦ ✶✳✶✳✶✳ ❊♥tã♦✱ ❛ ❡♥tr♦♣✐❛ ❝♦♥❥✉♥t❛ ❞❡
X1:m:n, ..., Xm:m:n✱ ❛♣r❡s❡♥t❛❞❛ ❡♠ ✭P❛r❦✱ ✷✵✵✺✮✱ é ❞❛❞❛ ♣♦r
H1...m;m;n = −
∫ ∞
−∞
· · ·
∫ x2:m:n
−∞
fX1:m:n,...,Xm:m:n(x1, ..., xm)
= log(fX1:m:n,...,Xm:m:n(x1, ..., xm))dx1, ..., dxm. ✭✹✳✶✮
P❡❧♦ ❢❛t♦ ❞❡ H1...m:m:n s❡r ✉♠❛ ✐♥t❡❣r❛❧ m✲❞✐♠❡♥s✐♦♥❛❧✱ ♣r❡❝✐s❛♠♦s ♦❜t❡r ✉♠❛
❡①♣r❡ssã♦ ♠❛✐s s✐♠♣❧❡s ♣❛r❛ ❡ss❛ ✐♥t❡❣r❛❧✳
❆ ✐♥t❡❣r❛❧ ♠ú❧t✐♣❧❛ ❞❛ ❡♥tr♦♣✐❛ ♣❛r❛ ❞❛❞♦s ❝❡♥s✉r❛❞♦s ❞♦ ❚✐♣♦ ■■ ❢♦✐ s✐♠♣❧✐✜❝❛❞❛
♣❛r❛ ✉♠❛ ú♥✐❝❛ ✐♥t❡❣r❛❧ ♣♦r ✭P❛r❦✱ ✷✵✵✺✮✱ ❡ ❛ ❡♥tr♦♣✐❛ ❝♦♥❥✉♥t❛ ❞❛s ❡st❛tíst✐❝❛s ❞❡
♦r❞❡♠ ♣❛r❛ ❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛ ❞♦ ❚✐♣♦ ■■ ❢♦✐ s✐♠♣❧✐✜❝❛❞❛ ♣♦r ✭❇❛❧❛❦r✐s❤♥❛♥ ❡t ❛❧✳✱
✷✵✵✼✮ ❡♠ t❡r♠♦s ❞❡ ✉♠❛ ✐♥t❡❣r❛❧ ❡♥✈♦❧✈❡♥❞♦ ❛ ❢✉♥çã♦ ❞❡ r✐s❝♦ h(x)✱ r❡s✉❧t❛♥❞♦ ❡♠✿
H1...m:m:n = − log c+ nH1...m:m:n, ✭✹✳✷✮
❡♠ q✉❡
H1...m:m:n =
m
n
− 1
n
∫ ∞
−∞
m∑
i=1
fXi:m:n(x) log h(x)dx.
❆ ❞❡♠♦♥str❛çã♦ ❞❛ ❊①♣r❡ssã♦ ✭✹✳✷✮ ♣♦❞❡ s❡r ✈✐st❛ ♥♦ ❆♣ê♥❞✐❝❡ ❇✳
❙❡❥❛ Ui:m:n, i = 1, ...,m✱ ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛ ❞♦
t✐♣♦ ■■ ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛ ❞✐str✐❜✉✐çã♦ U(0; 1)✱ ❡♠ q✉❡ U1:m:n < U2:m:n < · · · < Um:m:n✳
✺✾
❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭❇❛❧❛❦r✐s❤♥❛♥ ✫ ❆❣❣❛r✇❛❧❛✱ ✷✵✵✵✱ ♣✳ ✷✸✮✱ t❡♠♦s q✉❡
E(Ui:m:n) = 1−
m∏
j=m−i+1
αj, i = 1, ...,m,
❞❡ ♠♦❞♦ q✉❡
αj =
aj
1 + aj
, j = m− i+ 1, ...,m, i = 1, ..., n
❡
aj = j +
m∑
j=m−i+1
Rj, i = 1, ...,m.
❯♠❛ ❡st✐♠❛t✐✈❛ ♥ã♦ ♣❛r❛♠étr✐❝❛ ❞❛ ❡♥tr♦♣✐❛ ❝♦♥❥✉♥t❛ ❞❛❞❛ ❡♠ ✭✹✳✷✮✱ ❢♦✐ ❛♣r❡✲
s❡♥t❛❞❛ ❡♠ ✭❇❛❧❛❦r✐s❤♥❛♥ ❡t ❛❧✳✱ ✷✵✵✼✮ ❡ é ❞❛❞❛ ♣♦r
H1...m:m:n(w, n,m) = − log c+ nH(w, n,m), ✭✹✳✸✮
❡♠ q✉❡
H(w, n,m) =
1
n
m∑
i=1
log
(
xi+w:m:n − xi−w:m:n
E(Ui+w:m:n)− E(Ui−w:m:n)
)
−
(
1− m
n
)
log
(
1− m
n
)
. ✭✹✳✹✮
❖ t❛♠❛♥❤♦ ❞❛ ❥❛♥❡❧❛ w ♥❛ ❊①♣r❡ssã♦ ✭✹✳✹✮ ❞❡♣❡♥❞❡ ❞♦s ✈❛❧♦r❡s ❞❡ m✱ ❡♠ q✉❡
❡st❡ é ♦❜t✐❞♦ ❞❡ ♠♦❞♦ ❛ s❡ t❡r ✈❛❧♦r❡s ❝rít✐❝♦s ♠í♥✐♠♦s✳
◆❛ ❙❡çã♦ ✸✳✶ ✈✐♠♦s q✉❡ ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛
✉♠❛ ❡st❛tíst✐❝❛ ♣❛r❛ t❡st❡s ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡✱ ♣♦✐s I(g : f) ≥ 0✱ ❝♦♠ I(f : g) = 0
s❡ f = g✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s fX1:m:n,...,Xm:m:n(x1, ..., xm) ❡ gX1:m:n,...,Xm:m:n(x1, ..., xm)
❝♦♠♦ s❡♥❞♦ ❞✉❛s ❞❡♥s✐❞❛❞❡s ❝♦♥❥✉♥t❛s ❞❡ m ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠ ♣r♦❣r❡ss✐✈❛♠❡♥t❡
❝❡♥s✉r❛❞❛s ❞♦ t✐♣♦ ■■✳
❉❡✜♥✐çã♦ ✹✳✷ ❆ ■♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ✭❑▲✮ ❝♦♥❥✉♥t❛ ❛ ❢❛✈♦r ❞❡
fX1:m:n,...,Xm:m:n(x1, ..., xm) ❝♦♥tr❛ gX1:m:n,...,Xm:m:n(x1, ..., xm) é ❞❛❞❛ ♣♦r
I1···m:m:n(g : f) =
∫ ∞
−∞
· · ·
∫ x2:m:n
−∞
fX1:m:n,...,Xm:m:n(x1, ..., xm)
× log
(
fX1:m:n,...,Xm:m:n(x1, ..., xm)
gX1:m:n,...,Xm:m:n(x1, ..., xm)
)
dx1 · · · dxm. ✭✹✳✺✮
✻✵
✹✳✸ ❊st❛tíst✐❝❛ ❞❡ ❚❡st❡ ♣❛r❛ ♦ ▼♦❞❡❧♦ ❇✐r♥❜❛✉♠✲
❙❛✉♥❞❡rs
❈♦♥s✐❞❡r❡ ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ X1:m:n, ..., Xm:m:n ❢♦r♠❛❞❛ ♣♦r m ❡st❛tíst✐❝❛s ❞❡
♦r❞❡♠ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛s ❞♦ t✐♣♦ ■■✱ ❞❡ ♠♦❞♦ q✉❡
f 0X1:m:n,...,Xm:m:n(x1, ..., xm; θ)✱ é ❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❝♦♥❥✉♥t❛ ❞❡ss❛s ❡st❛tíst✐❝❛s s♦❜ ❤✐♣ó✲
t❡s❡ ♥✉❧❛✱ ❡ fX1:m:n,...,Xm:m:n(x1, ..., xm; θ) é ✉♠❛ ♦✉tr❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡
❝♦♥❥✉♥t❛✳ ❊♥tã♦✱ ❛ ♣❛rt✐r ❞❛ ❊①♣r❡ssã♦ ✭✹✳✺✮✱ ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑▲ ❝♦♥❥✉♥t❛ ❛ ❢❛✈♦r ❞❡
fX1:m:n,...,Xm:m:n(x1, ..., xm; θ) ❝♦♥tr❛ f
0
X1:m:n,...,Xm:m:n
(x1, ..., xm; θ) é ❞❛❞❛ ♣♦r✿
I1···m:m:n(f : f
0) =
∫ ∞
−∞
· · ·
∫ x2:m:n
−∞
fX1:m:n,...,Xm:m:n(x1, ..., xm; θ)
× log
(
fX1:m:n,...,Xm:m:n(x1, ..., xm; θ)
f 0X1:m:n,...,Xm:m:n(x1, ..., xm; θ)
)
dx1 · · · dxm.
❙✉♣♦♥❤❛♠♦s✱ ❛❣♦r❛✱ s♦❜ ❤✐♣ót❡s❡ ♥✉❧❛✱ ✉♠❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡
f 0(x; θ) ❝✉❥❛ ❛❞❡q✉❛çã♦ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s q✉❡r❡♠♦s ❛✈❛❧✐❛r✳ ❊♥tã♦✱ ✉s❛♥❞♦ ✉♠❛
❡st✐♠❛t✐✈❛ ❞❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑▲ ❜❛s❡❛❞❛ ❡♠ ✉♠❛ ❛♠♦str❛ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉✲
r❛❞❛ ❞♦ t✐♣♦ ■■✱ ✭❘❛❞ ❡t ❛❧✳✱ ✷✵✶✶✮ ♣r♦♣ôs ✉♠❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ❢✉♥❞❛♠❡♥t❛❞❛ ❡♠
(1/n)I1···m:m:n(f : f
0)✱ ❞❛❞❛ ♣♦r
T (w, n,m) = −H(w, n,m)− 1
n
{
m∑
i=1
log f 0(xi; θˆ) +
m∑
i=1
Ri log[1− F 0(xi; θˆ)]
}
, ✭✹✳✻✮
♦♥❞❡ θˆ é ✉♠ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ❞❡ θ✳
❆ ✐❞❡✐❛ ❡ ♠♦t✐✈❛çã♦ ♣♦r trás ❞❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ❛♣r❡s❡♥t❛❞❛ ❡♠ ✭✹✳✻✮ é ❛
s❡❣✉✐♥t❡✿ ❝♦♠ ❜❛s❡ ♥❛ ♠❡❞✐❞❛ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❑▲✱ ❡st❛♠♦s ❛✈❛❧✐❛♥❞♦ ❛ ❞✐s❝r❡♣â♥❝✐❛
❡♥tr❡ ♦ ✈❡t♦r ♦❜s❡r✈❛❞♦ ❞❡ ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛s ❞♦ t✐♣♦
■■ ❡ ♦ q✉❡ ❡s♣❡r❛rí❛♠♦s ❞❡ t❛✐s ❞❛❞♦s s❡ ❡❧❡s s✉r❣✐ss❡♠ ❞♦ ♠♦❞❡❧♦ ❤✐♣♦tét✐❝♦✳
➱ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ T (w, n,m) ♣♦❞❡ ❛ss✉♠✐r ✈❛❧♦r❡s
♥❡❣❛t✐✈♦s✳ ◆♦ ❡♥t❛♥t♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭❘❛❞ ❡t ❛❧✳✱ ✷✵✶✶✮✱ ♥ã♦ ❤á ♥❡♥❤✉♠ ♣r♦❜❧❡♠❛
♥✐ss♦✱ ♣♦✐s ❛ ❡st❛tíst✐❝❛ ❛♣r❡s❡♥t❛❞❛ ❡♠ ✭✹✳✻✮ ❢♦✐ ♣r♦♣♦st❛ ♣❛r❛ ✜♥s ❞❡ ❜♦♥❞❛❞❡ ❞❡
❛❥✉st❡✱ ❧♦❣♦ ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❞♦ t❡st❡ sã♦ ❛❥✉st❛❞♦s ❡♠ ❝♦♥❢♦r♠✐❞❛❞❡✳
❆❣♦r❛✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ t❡st❛r ❛ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡
✻✶
♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ ❇❙(α, β)✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❡st❛❜❡❧❡❝❡r ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s✿

H0 : f
0(x;θ) =
1√
2π
exp
{
− 1
2α2
(
x
β
+
β
x
− 2
)}
x−3/2(x+ β)
2α
√
β
H1 : f
0(x;θ) 6= 1√
2π
exp
{
− 1
2α2
(
x
β
+
β
x
− 2
)}
x−3/2(x+ β)
2α
√
β
,
✭✹✳✼✮
❞❡ ♠♦❞♦ q✉❡ x > 0 ❡ θ = (α, β)⊤✱ ❝♦♠ α > 0 ❡ β > 0✱ é ✉♠ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ❞❡s❝♦✲
♥❤❡❝✐❞♦✳ ❊♥tã♦✱ ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑▲ ♣❛r❛ ❞❛❞♦s ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞♦s ❞♦ t✐♣♦
■■ ♣♦❞❡ s❡r ❡st✐♠❛❞❛✱ ❡ ❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ❞❛❞❛ ❡♠ ✭✹✳✻✮ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❡st✐♠❛♥❞♦
♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ = (α, β)⊤ ♣♦r ♠❡✐♦ ❞♦ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳
✹✳✸✳✶ ❊st✐♠❛❞♦r❡s ❞❡ ▼á①✐♠❛ ❱❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ❉✐str✐❜✉✐✲
çã♦ ❇❙ ❈♦♥s✐❞❡r❛♥❞♦ ❉❛❞♦s Pr♦❣r❡ss✐✈❛♠❡♥t❡ ❈❡♥s✉r❛✲
❞♦s ❞♦ ❚✐♣♦ ■■
❱❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛ ❞♦ t✐♣♦ ■■
X1:m:n, ..., Xm:m:n✳ ❈♦♥s✐❞❡r❡✱ t❛♠❜é♠✱ q✉❡ R1, ..., Rm é ♦ ❡sq✉❡♠❛ ❞❡ ❝❡♥s✉r❛ ❛❞♦t❛❞♦✳
❊♥tã♦✱ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ é ❞❛❞❛ ♣♦r✿
L(θ) = c
m∏
i=1
f(xi;θ)[1− F (xi;θ)]Ri
= c
m∏
i=1
1√
2π
exp
{
− 1
2α2
(
xi
β
+
β
xi
− 2
)}
x
−3/2
i (xi + β)
2α
√
β
×
{
1− Φ
[
1
α
(√
xi
β
−
√
β
xi
)]}Ri
.
❆♣❧✐❝❛♥❞♦ ♦ ❧♦❣❛r✐t♠♦ ❡♠ L(θ)✱ t❡♠♦s✿
l(θ) = log[L(θ)]
= log(c) +
m∑
i=1
[
log(
1√
2π
)− 1
2α2
(
xi
β
+
β
xi
− 2
)
+ log[x
−3/2
i (xi + β)]
− log(2α
√
β) +Ri log
{
1− Φ
[
1
α
(√
xi
β
−
√
β
xi
)]}]
= log(c) +m log
(
1√
2π
)
− 1
2α2
m∑
i=1
(
xi
β
+
β
xi
− 2
)
+
m∑
i=1
log[x
−3/2
i (xi + β)]
−m log(2α
√
β) +
m∑
i=1
Ri log
{
1− Φ
[
1
α
(√
xi
β
−
√
β
xi
)]}
✻✷
= log(c) +m log
(
1√
2π
)
− 1
2α2β
m∑
i=1
xi − β
2α2
m∑
i=1
1
xi
+
m
α2
− 3
2
m∑
i=1
log(xi)
+
m∑
i=1
log(xi + β)−m log(2)−m log(α)− m
2
log(β)
+
m∑
i=1
Ri log
{
1− Φ
[
1
α
(√
xi
β
−
√
β
xi
)]}
.
❉❡♥♦t❛♥❞♦ zi =
1
α
(√
xi
β
−
√
β
xi
)
❡ k = log(c)+m log
(
1√
2π
)
−3
2
∑m
i=1 log(xi)−
m log(2)✱ t❡♠♦s q✉❡
l(θ) = k − 1
α2
(
1
2β
m∑
i=1
xi +
β
2
m∑
i=1
1
xi
−m
)
+
m∑
i=1
log(xi + β)−m log(α)
− m
2
log(β) +
m∑
i=1
Ri log[1− Φ(zi)].
❖❜s❡r✈❡ q✉❡✿
• ∂zi
∂α
= − 1
α2
(√
xi
β
−
√
β
xi
)
= − 1
α
zi.
• ∂zi
∂β
= − 1
2αβ
(√
β
xi
+
√
xi
β
)
.
❆❣♦r❛✱ ✈❛♠♦s ❡♥❝♦♥tr❛r ❛s ❡q✉❛çõ❡s ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s α ❡
β✳
∂l(θ)
∂α
=
2
α3
(
1
2β
m∑
i=1
xi +
β
2
m∑
i=1
1
xi
−m
)
− m
α
+
m∑
i=1
Ri
1
1− Φ(zi)
[
−φ(zi)
(
− 1
α
zi
)]
=
1
α3
(
1
β
m∑
i=1
xi + β
m∑
i=1
1
xi
− 2m
)
m
α
+
1
α
m∑
i=1
Ri
φ(zi)
1− Φ(zi)zi
=
1
α3
(
1
β
m∑
i=1
xi + β
m∑
i=1
1
xi
− 2m
)
+
1
α
[
m∑
i=1
Rizih(zi)−m
]
,
❡♠ q✉❡ h(zi) = φ(zi)/[1−Φ(zi)] é ❛ ❢✉♥çã♦ ❞❡ r✐s❝♦ ❞❛ ❞✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ♣❛❞rã♦ ♥♦
♣♦♥t♦ zi✳ ❊♥tã♦✱ ❛ ❡q✉❛çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ α é ❞❛❞❛ ♣♦r✿
1
αˆ2
(
1
βˆ
m∑
i=1
xi + βˆ
m∑
i=1
1
xi
− 2m
)
+
m∑
i=1
Rizih(zi)−m = 0 ✭✹✳✽✮
✻✸
∂l(θ)
∂β
= − 1
α2
(
− 1
2β2
m∑
i=1
xi +
1
2
m∑
i=1
1
xi
)
+
m∑
i=1
1
xi + β
− m
2β
+
m∑
i=1
Ri
1
1− Φ(zi)
{
−φ(zi)
[
− 1
2αβ
(√
β
xi
+
√
xi
β
)]}
=
1
2α2β2
m∑
i=1
xi − 1
2α2
m∑
i=1
1
xi
+
m∑
i=1
1
xi + β
− m
2β
+
1
2αβ
m∑
i=1
Ri
φ(zi)
1− Φ(zi)
(√
β
xi
+
√
xi
β
)
=
1
2α2β2
m∑
i=1
xi +
m∑
i=1
1
xi + β
− m
2β
− 1
2α2
m∑
i=1
1
xi
+
1
2αβ
m∑
i=1
Ri
(√
β
xi
+
√
xi
β
)
h(zi).
❆ss✐♠✱ ❛ ❡q✉❛çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ β é
1
2αˆ2βˆ2
m∑
i=1
xi +
m∑
i=1
1
xi + βˆ
− m
2βˆ
− 1
2αˆ2
m∑
i=1
1
xi
+
1
2αˆβˆ
m∑
i=1
Ri


√
βˆ
xi
+
√
xi
βˆ

h(zi) = 0
✭✹✳✾✮
❉❡st❡ ♠♦❞♦✱ ❛s ❡q✉❛çõ❡s ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ✭✹✳✽✮ ❡ ✭✹✳✾✮ ❢♦r♠❛♠ ✉♠ s✐st❡♠❛
❞❡ ❡q✉❛çõ❡s ♦ q✉❛❧ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛✳ ❆ss✐♠✱ ♠ét♦❞♦s ✐t❡r❛t✐✈♦s ❞❡✈❡♠ s❡r
✉s❛❞♦s ♣❛r❛ ❡♥❝♦♥tr❛r ♦s ✈❛❧♦r❡s ❞❡ αˆ ❡ βˆ q✉❡ ♠❛①✐♠✐③❡♠ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✱
❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥✱ ✈❡r ✭❖rt❡❣❛ ✫ ❘❤❡✐♥❜♦❧❞t✱ ✶✾✼✵✮✳
P♦rt❛♥t♦✱ ♣❛r❛ t❡st❛r♠♦s ❛ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✱
❝♦♥s✐❞❡r❛♥❞♦ ❞❛❞♦s ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞♦s ❞♦ t✐♣♦ ■■✱ ♣❛rt✐♠♦s ❞❛s ❤✐♣ót❡s❡s
❛♣r❡s❡♥t❛❞❛s ❡♠ ✭✹✳✼✮ ❡ ✉t✐❧✐③❛♠♦s ❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ❞❛❞❛ ❡♠ ✭✹✳✻✮✱ ❡♠ q✉❡
θˆ = (αˆ, βˆ)⊤✱ f 0 é ❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❛ s❡r ❝♦♥s✐❞❡r❛❞❛ ❡♠ H0 ❡ F 0 é ❛ ❢✉♥çã♦ ❞❡
❞✐str✐❜✉✐çã♦ ❛❝✉♠✉❧❛❞❛ s♦❜ H0✳
✹✳✹ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦
P❛r❛ ❛✈❛❧✐❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ t❡st❡ ♣r♦♣♦st♦✱ ✜③❡♠♦s ✉♠ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ ❞❡
▼♦♥t❡ ❈❛r❧♦✳ ❖s ♣♦❞❡r❡s ❞♦ t❡st❡ ❢♦r❛♠ ♦❜t✐❞♦s ♣❛r❛ ❞✐❢❡r❡♥t❡s ❛❧t❡r♥❛t✐✈❛s ❞❡ ❛❝♦r❞♦
✻✹
❝♦♠ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ❢✉♥çã♦ ❞❡ r✐s❝♦✿ ♠♦♥ót♦♥❛ ❝r❡s❝❡♥t❡ ❡ ♠♦♥ót♦♥❛ ❞❡❝r❡s❝❡♥t❡✱
❛❧é♠ ❞❡ ♦✉tr❛s ❛❧t❡r♥❛t✐✈❛s✱ ❛✜♠ ❞❡ ❛✈❛❧✐❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ t❡st❡ ❡♠ ❝❛❞❛ s✐t✉❛çã♦✳
❆ ❚❛❜❡❧❛ ✹✳✶✱ ♦❜t✐❞❛ ❡♠ ✭P❛r❦✱ ✷✵✵✺✮✱ ♥♦s ❞á ♦s ✈❛❧♦r❡s ❛❞❡q✉❛❞♦s ♣❛r❛ ♦ t❛♠❛♥❤♦
❞❛ ❥❛♥❡❧❛ m ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ n✳
❚❛❜❡❧❛ ✹✳✶✿ ❱❛❧♦r❡s ❛❞❡q✉❛❞♦s ♣❛r❛ ♦ t❛♠❛♥❤♦ ❞❛ ❥❛♥❡❧❛ w✱ ❝♦♥s✐❞❡r❛♥❞♦ ❞✐❢❡r❡♥t❡s
t❛♠❛♥❤♦s ❞❡ m✳
m w
✺ ✕ ✼ ✷
✽ ✕ ✶✺ ✸
✶✻ ✕ ✸✵ ✹
✸✶ ✕ ✹✵ ✺
✹✶ ✕ ✺✵ ✻
❋♦♥t❡✿ ✭P❛r❦✱ ✷✵✵✺✮✳
❆s ❚❛❜❡❧❛s ✹✳✷✱ ✹✳✸ ❡ ✹✳✹ ❛♣r❡s❡♥t❛♠ ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛s
❞✐str✐❜✉✐çõ❡s ❇❙✭✵✱✺❀✶✮✱ ❇❙✭✶❀✶✮ ❡ ❇❙✭✶✱✺❀✶✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖s ♣♦❞❡r❡s ❞♦ t❡st❡ sã♦
❛♣r❡s❡♥t❛❞♦s ♥❛s ❚❛❜❡❧❛s ❞❡ ✹✳✺ à ✹✳✶✻✳
P❡r❝❡❜❡♠♦s q✉❡✱ à ♠❡❞✐❞❛ q✉❡ ♦ t❛♠❛♥❤♦ ❛♠♦str❛❧ n ❛✉♠❡♥t❛✱ t❡♠♦s ✉♠ ❛✉✲
♠❡♥t♦ ♥♦s ♣♦❞❡r❡s ❞♦ t❡st❡✳ ❆❧é♠ ❞✐ss♦✱ s✐t✉❛çõ❡s ❡♠ q✉❡ ❛ ❝❡♥s✉r❛ é ♣r❡❝♦❝❡✱ ❛ ❡①❡♠✲
♣❧♦ ❞♦s ❡sq✉❡♠❛s ✭R1 = n−m,R2 = 0, ..., Rm = 0✮ ❡ ✭R1 = 0, R2 = n−m, ..., Rm = 0✮✱
❛♣r❡s❡♥t❛♠ ♣♦❞❡r❡s ♠❛✐s ❛❧t♦s✳ ❈♦♥❝❧✉sõ❡s s❡♠❡❧❤❛♥t❡s ❢♦r❛♠ ♦❜t✐❞❛s ❡♠ ✭❘❛❞ ❡t ❛❧✳✱
✷✵✶✶✮✳ ❈❛s♦s ❡♠ q✉❡ ❛ ❝❡♥s✉r❛ é ❞✐str✐❜✉í❞❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ❞✉r❛♥t❡ ♦ ❡sq✉❡♠❛ ❞❡
❝❡♥s✉r❛ t❛♠❜é♠ ❛♣r❡s❡♥t❛♠ ❜♦♥s r❡s✉❧t❛❞♦s✱ ❛ ❡①❡♠♣❧♦ ❞♦s ❡sq✉❡♠❛s ✭R1 = 1, R2 =
1, ..., Rm = 1✮ ❡ ✭R1 = 1, R2 = 0, ..., Rm−1 = 1, Rm = 0✮✳ ❊♥tr❡t❛♥t♦✱ ♣❡r❝❡❜❡♠♦s q✉❡
t❡st❡ é ❜❛st❛♥t❡ ❛❢❡t❛❞♦ q✉❛♥❞♦ ❛ ❝❡♥s✉r❛ é ❢❡✐t❛ ❞❡ ❢♦r♠❛ t❛r❞✐❛✱ ❛ ❡①❡♠♣❧♦ ❞♦s ❡sq✉❡✲
♠❛s ✭R1 = 0, R2 = 0, ..., Rm−1 = n−m,Rm = 0✮ ❡ ✭R1 = 0, R2 = 0, ..., Rm = n−m✮✳
❊ss❡ r❡s✉❧t❛❞♦ t❛♠❜é♠ ❢♦✐ r❡❧❛t❛❞♦ ❡♠ ✭❇❛❧❛❦r✐s❤♥❛♥ ❡t ❛❧✳✱ ✷✵✵✼✮✳ ❖ t❡st❡ s❡ ♠♦s✲
tr♦✉ ❜❡♠ ❡✜❝❛③ q✉❛♥❞♦ t❡♠♦s✱ s♦❜ ❤✐♣ót❡s❡ ❛❧t❡r♥❛t✐✈❛✱ ❢✉♥çõ❡s ❞❡ r✐s❝♦ ♠♦♥ót♦♥❛s
❞❡❝r❡s❝❡♥t❡ ❡ ♥ã♦ ♠♦♥ót♦♥❛s✱ ❛ ❡①❡♠♣❧♦ ❞❛s ❞✐str✐❜✉✐çõ❡s ●❛♠❛✭✵✱✺❀✶✮✱ ●❊①♣✭✵❀✺✱✶✮✱
❇❡t❛✭✵✱✺❀✶✮✱ P❛r❡t♦✭✶❀✶✮ ❡ ❲❡✐❜✉❧❧✭✶❀✶✮✳ ❆✐♥❞❛ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ❛♦ ✐♥st❛♥t❡ ❡♠
q✉❡ s❡ ❛✉♠❡♥t❛ ♦ ♣❛râ♠❡tr♦ ❞❡ ❢♦r♠❛ α✱ ♦s ♣♦❞❡r❡s ❞♦ t❡st❡ ✈ã♦ ❞✐♠✐♥✉✐♥❞♦✱ ✐ss♦
✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ ❡sq✉❡♠❛ ❞❡ ❝❡♥s✉r❛ ❛❞♦t❛❞♦✳
✻✺
❚❛❜❡❧❛ ✹✳✷✿ ❱❛❧♦r❡s ❝rít✐❝♦s ❞♦ t❡st❡ ❛ ♣❛rt✐r ❞❛ ❞✐str✐❜✉✐çã♦ ❇❙✭✵✱✺❀✶✮ ❛♦s ♥í✈❡✐s ❞❡
✶✵✪ ❡ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳
❊sq✉❡♠❛ ❞❡ ❈❡♥s✉r❛ ❱❛❧♦r❡s ❈rít✐❝♦s
n m (R1, ..., Rm) ρ = 0, 10 ρ = 0, 05
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✻✾
❚❛❜❡❧❛ ✹✳✻✿ P♦❞❡r ❞♦ t❡st❡ ❛ ♣❛rt✐r ❞❛ ❞✐str✐❜✉✐çã♦ ❇❙✭✵✱✺❀✶✮ ♣❛r❛ ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡
❢✉♥çõ❡s ❞❡ r✐s❝♦✱ ❛♦ ♥í✈❡❧ ❞❡ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳
❖✉tr❛s ❆❧t❡r♥❛t✐✈❛s
❊sq✉❡♠❛ ❞❡ ❈❡♥s✉r❛
n m (R1, ..., Rm) ❇❡t❛✭✵✱✺❀✶✮ ▲▲♦❣✭✵✱✺❀✶✮ P❛r❡t♦✭✶❀✶✮ ❲❡✐❜✉❧❧✭✶❀✶✮ ▲◆♦r♠✭✶❀✶✮
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✹✳✺ ❆♣❧✐❝❛çõ❡s
❆ s❡❣✉✐r✱ s❡rã♦ ♠♦str❛❞❛s ❞✉❛s ❛♣❧✐❝❛çõ❡s ❢❡✐t❛s ❝♦♠ ❜❛s❡ ❡♠ ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s
r❡❛✐s ❝♦♠ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛ ❞♦ t✐♣♦ ■■✳
✹✳✺✳✶ ❆♣❧✐❝❛çã♦ ✶
Pr✐♠❡✐r❛♠❡♥t❡✱ t♦♠❛r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s r❡❛✐s ♦❜t✐❞♦ ❞❡ ✭◆❡❧s♦♥✱ ✷✵✵✺✱
♣✳ ✶✵✺✮✱ ❡♠ q✉❡ t❛✐s ❞❛❞♦s sã♦ r❡❢❡r❡♥t❡s ❛♦s t❡♠♣♦s ❡♠ q✉❡❜r❛s ❞❡ ✉♠ ✢✉í❞♦ ✐s♦❧❛♥t❡
❡♠ ✉♠ t❡st❡ ❛❝❡❧❡r❛❞♦ r❡❛❧✐③❛❞♦ ❝♦♠ ✈ár✐❛s ✈♦❧t❛❣❡♥s✳ ❆ ♣❛rt✐r ❞❡ss❡s ❞❛❞♦s✱ ✭❱✐✈❡r♦s
✫ ❇❛❧❛❦r✐s❤♥❛♥✱ ✶✾✾✹✮ ♣r♦❞✉③✐✉ ✉♠❛ ❛♠♦str❛ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛ ❞♦ t✐♣♦ ■■✱
❡♠ q✉❡ t❛❧ ❛♠♦str❛ t❡♠ t❛♠❛♥❤♦ m = 8 ❡ ❢♦✐ ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❡ n = 19 ♦❜s❡r✈❛çõ❡s
r❡❣✐str❛❞❛s ❛ ✸✹ ❦✐❧♦✈♦❧ts✳ ❊ss❡s ❞❛❞♦s sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✶✼✳
❚❛❜❡❧❛ ✹✳✶✼✿ ❆♠♦str❛ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛ ❞♦ t✐♣♦ ■■ r❡❢❡r❡♥t❡ ❛♦s t❡♠♣♦s ❡♠
q✉❡❜r❛s ❞❡ ✉♠ ✢✉í❞♦ ✐s♦❧❛♥t❡ ❡♠ ✉♠ t❡st❡ ❛❝❡❧❡r❛❞♦ r❡❣✐str❛❞♦s ❡♠ ✸✹ ❦✐❧♦✈♦❧ts✳
i ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽
xi:8:19 ✵✱✶✾ ✵✱✼✽ ✵✱✾✻ ✶✱✸✶ ✷✱✼✽ ✹✱✽✺ ✻✱✺✵ ✼✱✸✺
Ri ✵ ✵ ✸ ✵ ✸ ✵ ✵ ✺
❋♦♥t❡✿ ✭◆❡❧s♦♥✱ ✷✵✵✺✱ ♣❛❣✳ ✶✵✺✮✳
◆♦ss♦ ♦❜❥❡t✐✈♦ é t❡st❛r s❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞♦s ❞♦
t✐♣♦ ■■✱ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❚❛❜❡❧❛ ✹✳✶✼✱ s❡❣✉❡ ❞✐str✐❜✉✐çã♦ ❇✐r❜❛✉♠✲❙❛✉♥❞❡rs✳ ❆ ❡st❛tíst✐❝❛
❞❡ t❡st❡ ♦❜s❡r✈❛❞❛ ❢♦✐ t(w, n,m) = 0, 6321✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❚❛❜❡❧❛ ✹✳✶✱ ♦ ✈❛❧♦r
❛❞❡q✉❛❞♦ ❞❛ ❥❛♥❡❧❛ w ♣❛r❛ ❡st❛ s✐t✉❛çã♦ é w = 3✱ ❛ss✐♠✱ ♦ ✈❛❧♦r ❝rít✐❝♦ ♦❜t✐❞♦ ♣❛r❛
❡st❡ ❝❛s♦ ❢♦✐ T (w, n,m)(ρ) = 0, 1595✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ♥í✈❡❧ ❞❡ ρ = 5% ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳
P♦rt❛♥t♦✱ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ♦s ❞❛❞♦s ❞❛ ❚❛❜❡❧❛ ✹✳✶✼ s❡ ❛❞❡q✉❛♠ ❛♦ ♠♦❞❡❧♦
❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✱ ❛♦ ♥í✈❡❧ ❞❡ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳
✹✳✺✳✷ ❆♣❧✐❝❛çã♦ ✷
❊♠ ♥♦ss❛ s❡❣✉♥❞❛ ❛♣❧✐❝❛çã♦✱ t♦♠❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❡♠ ✭❍✉❜❡r✲❈❛r♦❧✱
❇❛❧❛❦r✐s❤♥❛♥✱ ◆✐❦✉❧✐♥✱ ✫ ▼❡s❜❛❤✱ ✷✵✶✷✱ ♣❛❣✳ ✶✵✶✮ r❡❢❡r❡♥t❡ ❛ ♠❡❞✐❞❛ ❞❛ ❢♦rç❛ ❞❡
r✉♣t✉r❛ ❞❡ ✈✐❣❛s ❞❡ ♠❛❞❡✐r❛✳ ❆ ❛♠♦str❛ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛ ❞♦ t✐♣♦ ■■ ❞❡
✽✶
t❛♠❛♥❤♦ m = 20 ❢♦✐ ♦❜t✐❞❛ ❛ ♣❛rt✐r n = 32 ♦❜s❡r✈❛çõ❡s✳ ❊ss❡s ❞❛❞♦s sã♦ ❛♣r❡s❡♥t❛❞♦s
♥❛ ❚❛❜❡❧❛ ✹✳✶✽✳
❚❛❜❡❧❛ ✹✳✶✽✿ ❆♠♦str❛ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛ ❞♦ t✐♣♦ ■■ r❡❢❡r❡♥t❡ ❛ ♠❡❞✐❞❛ ❞❛
❢♦rç❛ ❞❡ r✉♣t✉r❛ ❞❡ ✈✐❣❛s ❞❡ ♠❛❞❡✐r❛✳
i ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵
xi:20:32 ✹✸✱✶✾ ✹✾✱✹✹ ✺✶✱✺✺ ✺✻✱✻✸ ✻✼✱✷✼ ✼✽✱✹✼ ✽✻✱✺✾ ✾✵✱✻✸ ✾✹✱✸✽ ✾✽✱✷✶
Ri ✵ ✷ ✵ ✵ ✷ ✵ ✵ ✵ ✵ ✵
i ✶✶ ✶✷ ✶✸ ✶✹ ✶✺ ✶✻ ✶✼ ✶✽ ✶✾ ✷✵
xi:20:32 ✾✽✱✸✾ ✾✾✱✼✹ ✶✵✵✱✷✷ ✶✵✸✱✹✽ ✶✵✺✱✺✹ ✶✵✼✱✶✸ ✶✵✽✱✶✹ ✶✵✽✱✾✹ ✶✶✵✱✽✶ ✶✶✻✱✸✾
Ri ✷ ✷ ✵ ✵ ✵ ✵ ✶ ✶ ✵ ✷
❋♦♥t❡✿ ✭◆❡❧s♦♥✱ ✷✵✵✺✱ ♣❛❣✳ ✶✵✺✮✳
◆❡st❛ s❡❣✉♥❞❛ ❛♣❧✐❝❛çã♦✱ ❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ♦❜s❡r✈❛❞❛ ❢♦✐ t(w, n,m) = 0, 2228✳
❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❚❛❜❡❧❛ ✹✳✶✱ ♦ ✈❛❧♦r ❛❞❡q✉❛❞♦ ❞❛ ❥❛♥❡❧❛ w ♣❛r❛ ❡st❛ s✐t✉❛çã♦ é w = 4✱
❛ss✐♠✱ ♦ ✈❛❧♦r ❝rít✐❝♦ ♦❜t✐❞♦ ♣❛r❛ ❡st❡ ❝❛s♦ ❢♦✐ T (w, n,m)(ρ) = 0, 0511✱ ❝♦♥s✐❞❡r❛♥❞♦
✉♠ ♥í✈❡❧ ❞❡ ρ = 5% ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳ P♦rt❛♥t♦✱ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ♦s ❞❛❞♦s ❞❛
❚❛❜❡❧❛ ✹✳✶✽ s❡ ❛❞❡q✉❛♠ ❛♦ ♠♦❞❡❧♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✱ ❛♦ ♥í✈❡❧ ❞❡ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳
❈❛♣ít✉❧♦ ✺
❈♦♥❝❧✉sõ❡s
◆❡st❡ tr❛❜❛❧❤♦✱ ♣r♦♣♦♠♦s t❡st❡s ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ❜❛s❡❛❞♦s ♥❛ ✐♥❢♦r♠❛çã♦
❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r✱ ❡♠ q✉❡ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ❞✉❛s s✐t✉❛çõ❡s✿ ❞❛❞♦s ♥ã♦ ❝❡♥s✉r❛❞♦s
❡ ❞❛❞♦s ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞♦s ❞♦ t✐♣♦ ■■✳ ❈♦♠ ♦ ❛✉①í❧✐♦ ❞♦ s♦❢✇t❛r❡ ❘✱ ❝r✐❛♠♦s
r♦t✐♥❛s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♣❛r❛ ♦❜t❡♥çã♦ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦s✱ ❜❡♠
❝♦♠♦ ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ♣❛r❛ ❛s ❡st❛tíst✐❝❛s ❞❡ t❡st❡s✳
❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦ ❡♠ q✉❡ ♦s ❞❛❞♦s ❡r❛♠ ♥ã♦ ❝❡♥s✉r❛❞♦s✱ ♦❜t✐✈❡♠♦s ❛s s❡❣✉✐♥✲
t❡s ❝♦♥❝❧✉sõ❡s✿
• ❖ t❡st❡ ❞❡ ❜♦♥❞❛❞❡ ❞❡ ❛❥✉st❡ ♣r♦♣♦st♦ t❡✈❡ ✉♠ ❞❡s❡♠♣❡♥❤♦ ♠❡❧❤♦r q✉❡ ♦s t❡s✲
t❡s ❝❧áss✐❝♦s ✭❈r❛♠ér✲✈♦♥ ▼✐s❡s ❡ ❆♥❞❡rs♦♥✲❉❛r❧✐♥❣✮✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ t✐✈❡r❛♠
♣♦❞❡r❡s ♠❛✐♦r❡s ♣❛r❛ ❛s ❛❧t❡r♥❛t✐✈❛s ❝♦♠ ❢✉♥çõ❡s ❞❡ r✐s❝♦ ♠♦♥ót♦♥❛s ❝r❡s❝❡♥t❡ ❡
♥ã♦ ♠♦♥ót♦♥❛s✳
• ◗✉❛♥❞♦ t❡♠♦s ❛❧t❡r♥❛t✐✈❛s ♠♦♥ót♦♥❛s ❞❡❝r❡s❝❡♥t❡s ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ r✐s❝♦✱ ♦ t❡st❡
❜❛s❡❛❞♦ ♥❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r t❡♠ ❞❡s❡♠♣❡♥❤♦ ✐♥❢❡r✐♦r ❛♦ ♠♦str❛❞♦
♣❡❧♦s t❡st❡s ❝❧áss✐❝♦s✳ ■ss♦ s❡ ❞á ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡✱ ♥❡ss❛s s✐t✉❛çõ❡s✱ ❛s ❢✉♥çõ❡s ❞❡
r✐s❝♦ s♦❜ ❛ ❤✐♣ót❡s❡ ❛❧t❡r♥❛t✐✈❛ tê♠ ❝♦♠♣♦rt❛♠❡♥t♦s ❜❡♠ ♣❛r❡❝✐❞♦s ❝♦♠ ❛ ❢✉♥çã♦
❞❡ r✐s❝♦ s♦❜ ❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ♦ t❡st❡ ❜❛s❡❛❞♦ ♥❛ ✐♥❢♦r♠❛çã♦ ❞❡
❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r t❡♥❤❛ ♠❛✐s ❞✐✜❝✉❧❞❛❞❡ ❡♠ ❞❡t❡❝t❛r ❡ss❛s ❞✐❢❡r❡♥ç❛s✳
• ◆♦ ❣❡r❛❧✱ ♦ t❡st❡ ❜❛s❡❛❞♦ ♥❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r s❡ ♠♦str♦✉ ♠❛✐s
❡✜❝❛③ ❞♦ q✉❡ ♦s t❡st❡ ❝❧áss✐❝♦s✳
✽✸
◆♦ ❝❛s♦ ❡♠ q✉❡ ♦s ❞❛❞♦s ❛♣r❡s❡♥t❛✈❛♠ ❝❡♥s✉r❛ ♣r♦❣r❡ss✐✈❛ ❞♦ t✐♣♦ ■■✱ ♣♦❞❡♠♦s
❝♦♥❝❧✉✐r q✉❡✿
• ◆❛s s✐t✉❛çõ❡s ❡♠ q✉❡ ❛ ❝❡♥s✉r❛ ♦❝♦rr❡ ♣r❡❝♦❝❡♠❡♥t❡✱ ♦ t❡st❡ ♣r♦♣♦st♦ ❛♣r❡s❡♥t❛
❜♦♥s r❡s✉❧t❛❞♦s✱ ❛ss✐♠ ❝♦♠♦ ♥❛s s✐t✉❛çõ❡s ❡♠ q✉❡ ❛ ❝❡♥s✉r❛ é ❞✐str✐❜✉í❞❛ ✉♥✐❢♦r✲
♠❡♠❡♥t❡ ❛♦ ❧♦♥❣♦ ❞♦ ❡sq✉❡♠❛ ❞❡ ❝❡♥s✉r❛✳
• ❖ t❡st❡ ♣r♦♣♦st♦ é ❜❛st❛♥t❡ ❛❢❡t❛❞♦ q✉❛♥❞♦ ❛ ❝❡♥s✉r❛ é ❢❡✐t❛ ❞❡ ♠♦❞♦ t❛r❞✐♦✳
• ❖ t❡st❡ ♣r♦♣♦st♦ s❡ ♠♦str♦✉ ❜❛st❛♥t❡ ❡✜❝❛③ ❡♠ s✐t✉❛çõ❡s ❝✉❥❛s ❛❧t❡r♥❛t✐✈❛s ♣❛r❛
❢✉♥çã♦ ❞❡ r✐s❝♦ ❡r❛♠ ♠♦♥ót♦♥❛s ❞❡❝r❡s❝❡♥t❡ ❡ ♥ã♦ ♠♦♥ót♦♥❛s✳ ❘❡s✉❧t❛❞♦s s❡✲
♠❡❧❤❛♥t❡s ❢♦r❛♠ ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ❛s ❞✐str✐❜✉✐çã♦ ❧♦❣✲♥♦r♠❛❧ ❡ ❡①♣♦♥❡♥❝✐❛❧ ❡♠
✭❘❛❞ ❡t ❛❧✳✱ ✷✵✶✶✮ ❡ ✭❇❛❧❛❦r✐s❤♥❛♥ ❡t ❛❧✳✱ ✷✵✵✼✮✳
❆♣ê♥❞✐❝❡ ❆
❉❡♠♦♥str❛çã♦ ❞❛ ❋✉♥çã♦ ❞❡
❱❡r♦ss✐♠✐❧❤❛♥ç❛ Pr♦❣r❡ss✐✈❛♠❡♥t❡
❈❡♥s✉r❛❞❛ ❞♦ ❚✐♣♦ ■■
Pr✐♠❡✐r❛♠❡♥t❡✱ ✐r❡♠♦s ❡①♣♦r ❛❧❣✉♥s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s às ❡st❛tíst✐❝❛s ❞❡
♦r❞❡♠ ❛♣r❡s❡♥t❛❞♦s ❡♠ ✭❆r♥♦❧❞✱ ❇❛❧❛❦r✐s❤♥❛♥✱ ✫ ◆❛❣❛r❛❥❛✱ ✶✾✾✷✮✳
✭✐✮ ❙❡❥❛♠ Xi:n, i = 1, ..., n✱ ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠✱ ❡♠ q✉❡ X1:n ≤ X2:n ≤ · · ·Xn:n✳
❊♥tã♦✱
fi:n(x) =
n!
(i− 1)!(n− i)!f(x)[F (x)]
i−1[1− F (x)]n−i, −∞ < x <∞.
✭✐✐✮ ❙❡❥❛♠ Xi ❡ Xj✱ i = 1, ..., n ❡ i < j ≤ n✱ ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠✳ ❊♥tã♦✱
fj:n(xj|Xi:n = xi) = (n− i)
(j − i− 1)!(n− j)!
f(xj)
[1− F (xi)]
[1− F (xj)]n−j
[1− F (xi)]n−j ,
❝♦♠ xi ≤ xj <∞✳
❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ X1:m:n, ..., Xm:m:n ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ✐❞❡♥t✐❝❛✲
♠❡♥t❡ ❞✐str✐❜✉í❞❛s r❡❢❡r❡♥t❡s ❛♦s t❡♠♣♦s ♦r❞❡♥❛❞♦s ❞❡ ❢❛❧❤❛ ❞❛s m ✉♥✐❞❛❞❡s ♦❜s❡r✈❛✲
❝✐♦♥❛✐s q✉❡ ❢❛❧❤❛r❛♠ ✭❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛s ❞♦ t✐♣♦ ■■✮✱ ❡
x1, ..., xm s✉❛s r❡s♣❡❝t✐✈❛s ♦❜s❡r✈❛çõ❡s✳ ❈♦♥s✐❞❡r❡♠♦s t❛♠❜é♠ ✉♠ ❡sq✉❡♠❛ ❞❡ ❝❡♥s✉r❛
♣r♦❣r❡ss✐✈❛ ❞♦ t✐♣♦ ■■ ♣ré✲❞❡✜♥✐❞♦ R1, ..., Rm✳ ❖❜s❡r✈❡♠♦s q✉❡ ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ❢❛❧❤❛✱
♣❡❧♦ r❡s✉❧t❛❞♦ ✭✐✮✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ X1:m:n = x1 é ❞❛❞❛ ♣♦r✿
P (X1:m:n = x1) = nf(x1; θ)[1− F (x1; θ)]n−1,
✽✺
❥á q✉❡ ❞❛s n ✉♥✐❞❛❞❡s✱ ✶ ❢❛❧❤♦✉ ❡ n− 1 ♥ã♦ ❢❛❧❤❛r❛♠✳ ❆♣ós ❡ss❛ ❢❛❧❤❛✱ s❡rã♦ r❡t✐r❛❞❛s
R1 ✉♥✐❞❛❞❡s ❞❛s q✉❡ s♦❜r❛r❛♠✱ r❡st❛♥❞♦ ❛ss✐♠ n−R1 − 1 ✉♥✐❞❛❞❡s✳
P❛r❛ ❛ s❡❣✉♥❞❛ ❢❛❧❤❛✱ ❞❛s n − R1 − 1 ✉♥✐❞❛❞❡s q✉❡ s♦❜r❛r❛♠✱ ✶ ✐rá ❢❛❧❤❛r ❡
n − R1 − 2 ♥ã♦ ✈ã♦✳ ❊♥tã♦✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ✭✐✐✮✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ X2:m;n = x2✱ ❞❛❞♦
q✉❡ X1:m;n = x1 ❡ q✉❡ R1 ✉♥✐❞❛❞❡s ❢♦r❛♠ r❡t✐r❛❞❛s✱ é✿
P (X2:m:n = x2|x1, R1) = P (X2:m:n−R1 = x2|x1)
=
(n−R1 − 1)!
(n−R1 − 2)!
f(x2; θ)
[1− F (x1; θ)]
[1− F (x2; θ)]n−R1−2
1− F (x1; θ)]n−R1−2
= (n−R1 − 1)f(x2; θ) [1− F (x2; θ)]
n−R1−2
[1− F (x1; θ)]n−R1−1 .
❆♣ós ❛ s❡❣✉♥❞❛ ❢❛❧❤❛✱ sã♦ r❡t✐r❛❞❛s R2 ✉♥✐❞❛❞❡s ❞❛s n − R1 − 2 q✉❡ s♦❜r❛r❛♠✱
r❡st❛♥❞♦ ❛ss✐♠ n−R1−R2−2 ✉♥✐❞❛❞❡s✳ ❆ss✐♠✱ ♣❛r❛ ❛ t❡r❝❡✐r❛ ❢❛❧❤❛✱ ❞❛s n−R1−R2−2
✉♥✐❞❛❞❡s q✉❡ s♦❜r❛r❛♠✱ ✶ ✐rá ❢❛❧❤❛r ❡ n−R1 −R2 − 3 ♥ã♦ ✈ã♦✳ ❊♥tã♦✱ ♣❡❧♦ r❡s✉❧t❛❞♦
✭✐✐✮ ❡ ♣❡❧♦ ❢❛t♦ ❞❡ ❡st❛r♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❡ X3:m;n = x3✱ ❞❛❞♦ q✉❡ X1:m;n = x1✱ X2:m;n = x2 ❡ q✉❡ R1 ❡ R2 ✉♥✐❞❛❞❡s ❢♦r❛♠
r❡t✐r❛❞❛s✱ é✿
P (X3:m:n = x3|x1, R1, x2, R2) = P (X3:m:n−R1−R2 = x3|x1, x2)
= P (X3:m:n−R1−R2−1 = x3|x2)
=
(n−R1 −R2 − 2)!
(n−R1 −R2 − 3)!
f(x3; θ)
[1− F (x2; θ)]
[1− F (x3; θ)]n−R1−R2−3
1− F (x2; θ)]n−R1−R2−3
= (n−R1 −R2 − 2)f(x3; θ) [1− F (x3; θ)]
n−R1−R2−3
[1− F (x2; θ)]n−R1−R2−2 .
❙❡❣✉✐♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❛té ❛ m✲és✐♠❛ ❢❛❧❤❛✱ ❝❤❡❣❛♠♦s q✉❡✿
P (Xm:m:n = xm|x1, R1, ..., xm−1, Rm−1) = [n−R1 − · · ·Rm−1 − (m− 1)]f(xm; θ)
× [1− F (xm; θ)]
n−R1−···Rm−1−m
[1− F (xm−1; θ)]n−R1−···Rm−1−(m−1) .
❈♦♠♦ ❛s ✈❛r✐á✈❡✐s X1:m:n, ..., Xm:m:n sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉í✲
❞❛s✱ t❡♠♦s q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❝♦♥❥✉♥t❛ ❞❡ss❛s ✈❛r✐á✈❡✐s é ❞❛❞❛ ♣♦r✿
fX1:m:n,...,Xm:m:n(x1, ..., xm) = P (X1:m:n)× P (X2:m:n = x2|x1, R1)
× · · · × P (Xm:m:n = xm|x1, R1, ..., xm−1, Rm−1),
❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡
✽✻
fX1:m:n,...,Xm:m:n(x1, ..., xm; θ) = nf(x1; θ)[1− F (x1; θ)]n−1
× (n−R1 − 1)f(x2; θ) [1− F (x2; θ)]
n−R1−2
[1− F (x1; θ)]n−R1−1
× (n−R1 −R2 − 2)f(x3; θ) [1− F (x3; θ)]
n−R1−R2−3
[1− F (x2; θ)]n−R1−R2−2
× · · · × [n−R1 − · · ·Rm−1 − (m− 1)]f(xm; θ)
× [1− F (xm; θ)]
n−R1−···Rm−1−m
[1− F (xm−1; θ)]n−R1−···Rm−1−(m−1)
= n(n−R1 − 1)(n−R1 −R2 − 2)
× · · · × (n−R1 − · · · −Rm−1 −m+ 1)
× f(x1; θ)f(x2; θ)f(x3; θ)× · · · × f(xm; θ)
× [1− F (x1; θ)]n−1 [1− F (x2; θ)]
n−R1−2
[1− F (x1; θ)]n−R1−1
× [1− F (x3; θ)]
n−R1−R2−3
[1− F (x2; θ)]n−R1−R2−2
× · · · × [1− F (xm; θ)]
n−R1−···Rm−1−m
[1− F (xm−1; θ)]n−R1−···Rm−1−(m−1)
= n(n−R1 − 1)(n−R1 −R2 − 2)
× · · · × (n−R1 − · · · −Rm−1 −m+ 1)
× f(x1; θ)f(x2; θ)f(x3; θ)× · · · × f(xm; θ)
× [1− F (x1; θ)]R1 [1− F (x2; θ)]R2 [1− F (x3; θ)]R3
× · · · × [1− F (xm; θ)]n−R1−···Rm−1−m.
P❡❧♦ q✉❡ ❢♦✐ ✈✐st♦ ♥❛ ❙❡çã♦ ✶✳✶✳✶✱ é ❢á❝✐❧ ✈❡r q✉❡ Rm = n−R1−R2−· · ·−Rm−1−m
❡✱ ❞❡♥♦t❛♥❞♦ c = n(n−R1− 1)(n−R1−R2− 2)×· · ·× (n−R1−· · ·−Rm−1−m+1)✱
t❡♠♦s q✉❡
fX1:m:n,...,Xm:m:n(x1, ..., xm; θ) = cf(x1; θ)f(x2; θ)f(x3; θ)× · · · × f(xm; θ)
× [1− F (x1; θ)]R1 [1− F (x2; θ)]R2 [1− F (x3; θ)]R3
× · · · × [1− F (xm; θ)]Rm
= c
n∏
i=1
f(xi; θ)[1− F (xi; θ)]Ri .
✽✼
❙❡❣✉❡✱ ❡♥tã♦✱ q✉❡ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ θ ❜❛s❡❛❞❛ ❡♠
✉♠❛ ❛♠♦str❛ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛ ❞♦ t✐♣♦ ■■ é ❞❛❞❛ ♣♦r
L(θ) = c
n∏
i=1
f(xi; θ)[1− F (xi; θ)]Ri .
❆♣ê♥❞✐❝❡ ❇
❉❡♠♦♥str❛çã♦ ❞❛ ❊①♣r❡ssã♦ ✭✹✳✷✮
❙❡❥❛♠ X1:m:n, ..., Xm:m:n ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛s ❞♦
t✐♣♦ ■■✳ ❊♥tã♦✱ ❞❡ r❡s✉❧t❛❞♦s r❡❢❡r❡♥t❡s ❛s ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠✱ t❡♠♦s q✉❡
fX1:m:n,...,Xm:m:n(x1, ..., xm) =
m∏
i=1
f(Xi:m:n = xi|x1, ..., xi−1).
❉❛í✱
H1,...,m:m:n = −
∫ ∞
−∞
· · ·
∫ x2:m:n
∞
fX1:m:n,...,Xm:m:n(x1, ..., xm)
× log[fX1:m:n,...,Xm:m:n(x1, ..., xm)]dx1, ..., dxm
= −
∫ ∞
−∞
· · ·
∫ x2:m:n
∞
fX1:m:n,...,Xm:m:n(x1, ..., xm)
× log
[
m∏
i=1
f(Xi:m:n = xi|x1, ..., xi−1)
]
dx1, ..., dxm
= −
∫ ∞
−∞
· · ·
∫ x2:m:n
∞
m∑
i=1
{fX1:m:n,...,Xm:m:n(x1, ..., xm)
× log[f(Xi:m:n = xi|x1, ..., xi−1)]} dx1, ..., dxm
=
m∑
i=1
{
−
∫ ∞
−∞
· · ·
∫ x2:m:n
∞
fX1:m:n,...,Xm:m:n(x1, ..., xm)
× log[f(Xi:m:n = xi|x1, ..., xi−1)]dx1, ..., dxm
}
✽✾
=
m∑
i=1
H(Xi:m:n|X1:m:n, ..., Xi−1:m:n)
= H(Xi:m:n|X1:m:n) +
m∑
i=2
H(Xi:m:n|X1:m:n, ..., Xi−1:m:n)
= H1:m:n +
m∑
i=2
H(Xi:m:n|X1:m:n, ..., Xi−1:m:n)
❯♠❛ ✈❡③ q✉❡ ❛ ❛♠♦str❛ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛ ❞♦ t✐♣♦ ■■ ❢♦r♠❛ ✉♠❛ ❝❛❞❡✐❛
❞❡ ▼❛r❦♦✈✱ t❡♠♦s
H(Xi:m:n|X1:m:n, ..., Xi−1:m:n) = H(Xi:m:n|Xi−1:m:n), i = 1, ...,m,
❛ss✐♠✱
H1,...,m:m:n = H1:m:n +
m∑
i=2
H(Xi:m:n|Xi−1:m:n) ✭❇✳✶✮
= H1:m:n +H(X2:m:n|X1:m:n) + · · ·+H(Xm:m:n|Xm−1:m:n)
❉❡ ❛❝♦r❞♦ ❝♦♠ ✭❆❜♦✲❊❧❡♥❡❡♥✱ ✷✵✶✶✮✱ t❡♠♦s ♦ s❡❣✉✐♥t❡✿
✭✐✮ P♦❞❡♠♦s ❡s❝r❡✈❡r H1:m:n ❝♦♠♦ s❡♥❞♦
H1:m:n = 1− log(n)−
∫ ∞
−∞
fX1:m:n(x)h(x)dx, ✭❇✳✷✮
❡♠ q✉❡ h(x) =
f(x)
1− F (x) ✳
✭✐✐✮ H(Xi+1:m:n|Xi:m:n) é ❛ ❡♥tr♦♣✐❛ ❡s♣❡r❛❞❛ ❞❡ Xi+1:m:n ❞❛❞♦ q✉❡ Xi:m:n = xi✱ ♦✉
s❡❥❛✱
H(Xi+1:m:n|Xi:m:n) = E [H(Xi+1:m:n|Xi:m:n = xi)]
= E
{
−
∫ ∞
−∞
f(Xi+1:m:n = x|Xi:m:n = xi)
× log [f(Xi+1:m:n = x|Xi:m:n = xi)] dx
}
.
✭❆❜♦✲❊❧❡♥❡❡♥✱ ✷✵✶✶✮ ❛✐♥❞❛ ❞✐③ q✉❡ ♦❜s❡r✈❛♥❞♦ ❛ ❝♦♥❞✐çã♦ Xi:m:n = xi✱ ❡♥tã♦
Xi+1:m:n t❡♠ ❛ ♠❡s♠❛ ❢❞♣ ❞❛ ♣r✐♠❡✐r❛ ❡st❛tíst✐❝❛ ❞❡ ♦r❞❡♠ ❞❡ ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛
♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❝❡♥s✉r❛❞❛ ❞♦ t✐♣♦ ■■ ❞❡ t❛♠❛♥❤♦ n − R1 − · · · − Ri − i ♣r♦✈✐♥❞❛
✾✵
❞❡ ✉♠❛ ❢❞♣ g(x) = f(x)/1 − F (x)✳ ❆ss✐♠✱ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r H(Xi+1:m:n|Xi:m:n) ❞❛
s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿
H(Xi+1:m:n|Xi:m:n) = 1− log(n−R1 − · · · −Ri − i)− I,
♦♥❞❡✱
I = E
[∫ ∞
xi
f(Xi+1:m:n = x|Xi:m:n = xi) log[h(x)]
]
. ✭❇✳✸✮
❊♥tr❡t❛♥t♦✱ ♦❜s❡r✈❛♥❞♦ q✉❡ Xi+1:m:n > Xi:m:n✱ t❡♠♦s✿
I =
∫ ∞
−∞
fXi+1:m:n(xi)
{∫ ∞
xi
f(Xi+1:m:n = x|Xi:m:n = xi) log[h(x)]dx
}
dxi
=
∫ ∞
−∞
log[h(x)]
{∫ x
−∞
f(Xi+1:m:n = x|Xi:m:n = xi)fXi+1:m:n(xi)dxi
}
dx
=
∫ ∞
−∞
log[h(x)]
{∫ ∞
−∞
fXi:m:n,Xi+1:m:n(xi, x)dxi
}
dx
=
∫ ∞
−∞
fXi+1:m:n(x) log[h(x)]dx. ✭❇✳✹✮
❙✉❜st✐t✉✐♥❞♦ ✭❇✳✹✮ ❡♠ ✭❇✳✸✮✱
H(Xi+1:m:n|Xi:m:n) = 1− log(n−R1−· · ·−Ri−i)−
∫ ∞
−∞
fXi+1:m:n(x) log[h(x)]dx ✭❇✳✺✮
❉❛s ❊①♣r❡ssõ❡s ✭❇✳✶✮✱ ✭❇✳✷✮ ❡ ✭❇✳✺✮✱ ♦❜t❡♠♦s✿
H1,...,m:m:n = 1− log(n)−
∫ ∞
−∞
fX1:m:n(x) log[h(x)]dx
+
m∑
i=2
{
1− log[n−R1 − · · · −Ri−1 − (i− 1)]
−
∫ ∞
−∞
fXi:m:n(x) log[h(x)]dx
}
= 1− log(n)−
∫ ∞
−∞
fX1:m:n(x) log[h(x)]dx
+ (m− 1)−
m∑
i=2
log[n−R1 − · · · −Ri−1 − (i− 1)]
−
m∑
i=2
∫ ∞
−∞
fXi:m:n(x) log[h(x)]dx
= m−
m∑
i=1
log[n−R1 − · · · −Ri−1 − (i− 1)]
−
m∑
i=1
∫ ∞
−∞
fXi:m:n(x) log[h(x)]dx.
✾✶
❖❜s❡r✈❡ q✉❡ ❛ ✐❞❡✐❛ ♣♦r tr❛③ ❞♦ s♦♠❛tór✐♦ Si =
∑m
i=1 log[n−R1−· · ·−Ri−1−(i−1)]
é ❛ s❡❣✉✐♥t❡✿ s❡ i = 1✱ t❡♠♦s q✉❡ S1 = log(n)❀ s❡ i = 2✱ ❡♥tã♦ S2 = log(n − R1 − 1)✱
♣♦✐s✱ ♥♦ ♠♦♠❡♥t♦ ❞❛ s❡❣✉♥❞❛ ❢❛❧❤❛✱ t❡♠✲s❡ n − R1 − 1 ✉♥✐❞❛❞❡s ♦❜s❡r✈❛❝✐♦♥❛✐s❀ s❡
i = 3✱ ❡♥tã♦ S3 = log(n − R1 − R2 − 2)✱ ♣♦✐s✱ ♥♦ ♠♦♠❡♥t♦ ❞❛ t❡r❝❡✐r❛ ❢❛❧❤❛✱ t❡♠✲s❡
n−R1−R2− 2 ✉♥✐❞❛❞❡s ♦❜s❡r✈❛❝✐♦♥❛✐s✱ ❡ ❛ss✐♠ ❝♦♥t✐♥✉❛ ❛té ❛ m✲és✐♠❛ ❢❛❧❤❛✱ i = m✳
P♦rt❛♥t♦✱
H1,...,m:m:n = m− log
{
m∏
i=1
[n−R1 − · · · −Ri−1 − (i− 1)]
}
−
m∑
i=1
∫ ∞
−∞
fXi:m:n(x) log[h(x)]dx
= m− log[n(n−R1 − 1) · · · (n−R1 −R2 − · · · −Ri−1)− (m− 1)]
−
m∑
i=1
∫ ∞
−∞
fXi:m:n(x) log[h(x)]dx
= m− log(c)−
m∑
i=1
∫ ∞
−∞
fXi:m:n(x) log[h(x)]dx
= − log(c) + n
n
{
m−
m∑
i=1
∫ ∞
−∞
fXi:m:n(x) log[h(x)]dx
}
= − log(c) + n
{
m
n
− 1
n
m∑
i=1
∫ ∞
−∞
fXi:m:n(x) log[h(x)]dx
}
= − log(c) + nH¯1,...,m:m:n.
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st❛t✐st✐❝s ✭❱♦❧✳ ✺✹✮✳ ❙■❆▼✳
❇❛❧❛❦r✐s❤♥❛♥✱ ◆✳✱ ✫ ❆❣❣❛r✇❛❧❛✱ ❘✳ ✭✷✵✵✵✮✳ Pr♦❣r❡ss✐✈❡ ❝❡♥s♦r✐♥❣✿ ❚❤❡♦r②✱ ♠❡t❤♦❞s✱
❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡ ✫ ❇✉s✐♥❡ss ▼❡❞✐❛✳
❇❛❧❛❦r✐s❤♥❛♥✱ ◆✳✱ ❘❛❞✱ ❆✳ ❍✳✱ ✫ ❆r❣❤❛♠✐✱ ◆✳ ❘✳ ✭✷✵✵✼✮✳ ❚❡st✐♥❣ ❡①♣♦♥❡♥t✐❛❧✐t② ❜❛s❡❞
♦♥ ❦✉❧❧❜❛❝❦✲❧❡✐❜❧❡r ✐♥❢♦r♠❛t✐♦♥ ✇✐t❤ ♣r♦❣r❡ss✐✈❡❧② t②♣❡✲✐✐ ❝❡♥s♦r❡❞ ❞❛t❛✳ ■❊❊❊
❚r❛♥s❛❝t✐♦♥s ♦♥ ❘❡❧✐❛❜✐❧✐t② ✱ ✺✻ ✭✷✮✱ ✸✵✶✕✸✵✼✳
❇❛❧❛❦r✐s❤♥❛♥✱ ◆✳✱ ✫ ❙❛♥❞❤✉✱ ❘✳ ✭✶✾✾✺✮✳ ❆ s✐♠♣❧❡ s✐♠✉❧❛t✐♦♥❛❧ ❛❧❣♦r✐t❤♠ ❢♦r ❣❡♥❡r❛t✐♥❣
♣r♦❣r❡ss✐✈❡ t②♣❡✲✐✐ ❝❡♥s♦r❡❞ s❛♠♣❧❡s✳ ❚❤❡ ❆♠❡r✐❝❛♥ ❙t❛t✐st✐❝✐❛♥✱ ✹✾ ✭✷✮✱ ✷✷✾✕✷✸✵✳
❇❛❧❛❦r✐s❤♥❛♥✱ ◆✳✱ ✫ ❙❛♥❞❤✉✱ ❘✳ ❆✳ ✭✶✾✾✻✮✳ ❇❡st ❧✐♥❡❛r ✉♥❜✐❛s❡❞ ❛♥❞ ♠❛①✐♠✉♠ ❧✐❦❡✲
❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ❢♦r ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥s ✉♥❞❡r ❣❡♥❡r❛❧ ♣r♦❣r❡ss✐✈❡ t②♣❡✲✐✐
❝❡♥s♦r❡❞ s❛♠♣❧❡s✳ ❙❛♥❦❤②✠❛✿ ❚❤❡ ■♥❞✐❛♥ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝s✱ ❙❡r✐❡s ❇ ✱ ✶✕✾✳
❇✐r♥❜❛✉♠✱ ❩✳ ❲✳✱ ✫ ❙❛✉♥❞❡rs✱ ❙✳ ❈✳ ✭✶✾✻✾❛✮✳ ❆ ♥❡✇ ❢❛♠✐❧② ♦❢ ❧✐❢❡ ❞✐str✐❜✉t✐♦♥s✳ ❏♦✉r♥❛❧
♦❢ ❛♣♣❧✐❡❞ ♣r♦❜❛❜✐❧✐t② ✱ ✸✶✾✕✸✷✼✳
❇✐r♥❜❛✉♠✱ ❩✳ ❲✳✱ ✫ ❙❛✉♥❞❡rs✱ ❙✳ ❈✳ ✭✶✾✻✾❜✮✳ ❊st✐♠❛t✐♦♥ ❢♦r ❛ ❢❛♠✐❧② ♦❢ ❧✐❢❡ ❞✐str✐❜✉✲
t✐♦♥s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❢❛t✐❣✉❡✳ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ Pr♦❜❛❜✐❧✐t② ✱ ✸✷✽✕✸✹✼✳
❇r✐t♦✱ ➱✳ ❙✳ ✭✷✵✶✹✮✳ ▼♦❞❡❧♦s ❞❡ ❝❡♥s✉r❛ t✐♣♦ ✐✐ ♣r♦❣r❡ss✐✈❛ ❡ ♣r♦♣r✐❡❞❛❞❡s ❛ss✐♥tót✐❝❛s
❞♦ ❡st✐♠❛❞♦r ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ✭❯♥♣✉❜❧✐s❤❡❞ ❞♦❝t♦r❛❧ ❞✐ss❡rt❛t✐♦♥✮✳
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❇r❛sí❧✐❛✳
❈❛str♦✲❑✉r✐ss✱ ❈✳ ✭✷✵✶✶✮✳ ❖♥ ❛ ❣♦♦❞♥❡ss✲♦❢✲✜t t❡st ❢♦r ❝❡♥s♦r❡❞ ❞❛t❛ ❢r♦♠ ❛ ❧♦❝❛t✐♦♥✲
s❝❛❧❡ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s✳ ❈❤✐❧❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝s✱ ✷ ✭✶✮✱ ✶✶✺✕✶✸✻✳
❈❛str♦✲❑✉r✐ss✱ ❈✳✱ ❑❡❧♠❛♥s❦②✱ ❉✳ ▼✳✱ ▲❡✐✈❛✱ ❱✳✱ ✫ ▼❛rtí♥❡③✱ ❊✳ ❏✳ ✭✷✵✶✵✮✳ ❖♥ ❛
❣♦♦❞♥❡ss✲♦❢✲✜t t❡st ❢♦r ♥♦r♠❛❧✐t② ✇✐t❤ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ❛♥❞ t②♣❡✲✐✐ ❝❡♥s♦r❡❞
❞❛t❛✳ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ❙t❛t✐st✐❝s✱ ✸✼ ✭✼✮✱ ✶✶✾✸✕✶✷✶✶✳
✾✸
❈❤❡♥✱ ●✳✱ ✫ ❇❛❧❛❦r✐s❤♥❛♥✱ ◆✳ ✭✶✾✾✺✮✳ ❆ ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ❛♣♣r♦①✐♠❛t❡ ❣♦♦❞♥❡ss✲♦❢✲✜t
t❡st✳ ❏♦✉r♥❛❧ ♦❢ ◗✉❛❧✐t② ❚❡❝❤♥♦❧♦❣② ✱ ✷✼ ✭✷✮✱ ✶✺✹✕✶✻✶✳
❈❤♦✉❧❛❦✐❛♥✱ ❱✳✱ ✫ ❙t❡♣❤❡♥s✱ ▼✳ ❆✳ ✭✷✵✵✶✮✳ ●♦♦❞♥❡ss✲♦❢✲✜t t❡sts ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞
♣❛r❡t♦ ❞✐str✐❜✉t✐♦♥✳ ❚❡❝❤♥♦♠❡tr✐❝s✱ ✹✸ ✭✹✮✱ ✹✼✽✕✹✽✹✳
❈♦❧♦s✐♠♦✱ ❊✳ ❆✳✱ ✫ ●✐♦❧♦✱ ❙✳ ❘✳ ✭✷✵✵✻✮✳ ❆♥á❧✐s❡ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ❛♣❧✐❝❛❞❛✳ ■♥ ❆❜❡✲
♣r♦❥❡t♦ ✜s❤❡r✳ ❊❞❣❛r❞ ❇❧ü❝❤❡r✳
❉✬❆❣♦st✐♥♦✱ ❘✳ ❇✳✱ ✫ ❙t❡♣❤❡♥s✱ ▼✳ ❆✳ ✭✶✾✽✻✮✳ ●♦♦❞♥❡ss✲♦❢✲✜t t❡❝❤♥✐q✉❡s ✭❱♦❧✳ ✻✽✮✳
❙❡r✐❡s ❙t❛t✐st✐❝s✿ ❚❡①t❜♦♦❦s ❛♥❞ ▼♦♥♦❣r❛♣❤s✳
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